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An analytical model for determining the differential ground motion during an earthquake 
is developed. The ground motion is assumed to be a stationary random process, resulting 
from waves radiated from an underground source (fracture surface). The source motion is 
also modeled as a random pr;ocess specified by a power spectral density. The spectral 
density of the ground motion is related to that of the source by a frequency transfer 
function. An analytical method for two-dimensional wave propagation is used to evaluate 
the displacements at the ground surface, from which the frequency transfer function is 
obtained through system identification. Power spectral densities of acceleration, cross-
correlation and spatial variation coefficients, as well as power spectral densities of 
differential acceleration obtained through the model are compared with data from an actua 
earthquake, the earthquake of January 29, 1981, recorded at Lotung, Taiwan. The compari-
son indicates that the results of the model are in good agreement with the earthquake 
data. 
Dynamic analyses of lifelines are also performed. The seismic input to the structures is 
considered to be either fully or partially correlated, and the results of the analytical 
stochastic ground motion model are used. The effect of the spatial variation of ground 
motions on the damage and reliability of horizontal systems is evaluated. 
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CHAPTER 1 
INTRODUCTION 
1.1 Introductory Remarks 
Lifeline structures, such as pipelines, bridges, and communication 
transmission systems, are important infrastructure of cities and urban 
communities. The functional reliability of these lifeline systems during 
and after an earthquake and other natural hazards, therefore, is essential 
to the safety and health of the populace. However, lifelines have been 
heavily damaged dur ing earthquakes (see, e. g., Jennings and Wood, 1971; 
U. S. Department of Commerce, 1973). 
One major difference of lifelines from conventional structures is that 
lifelines extend essentially parallel to the ground for long distances 
compared to their other structural dimensions. Since an earthquake 
exci tation consists of the superposi tion of a large number of waves wi th 
different characteristics, the different positions along a lifeline 
generally are subject to different motions. Although the coherent motion 
is a valid approximation for conventional structures, this same assumption 
may be unrealistic for long horizontal structures. 
The spatial variation of seismic ground mAt-iAna rYl':llT he. rYlc':lrcri lUVI.,..1.V11LJ lUU-J U"-' VJ. \,..,ooLJ.,V\".,,-,,-
deterministically or stochastically. In the deterministic approach, a 
recorded accelerogram is used as the input motion at one point, and the 
differential motion between two points is obtained by a delay in the 
arrival of the seismic wave between the points (e.g., Nelson and 
Weidlinger, 1977; Johnson and Galletly, 1972). In the stochastic approach, 
a power spectral density for acceleration is assigned and the spatial 
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variation is considered to be an exponentially decaying function based on 
earthquake data (e. g., Hindy and Novak, 1980). In ei ther case, recorded 
accelerograms are essential. Furthermore, the seismic evaluation of 
lifelines based on actual earthquake data requires observations from dense 
arrays of strong motion seismographs. Such a strong motion array has 
recentl'y been installed in Lotung (Bolt, et al., 1982), in the northeast 
corner of Taiwan. The array is called SMART-1, for Strong Motion Array in 
Taiwan, and motions from several major earthquakes have been recorded. The 
data obtained from the SMART-1 array have also been analyzed; e.g., Bolt, 
e t al . (1 9 82); L 0 h , A ng , and Wen ( 1 983 ); L 0 h (1 984 b ); H ar i c handr an an d 
Vanmarcke (1984). 
Models, however, based on results of a particular earthquake are 
difficult to generalize since earthquakes are different in intensi ty, 
duration and frequency content. Therefore, there is a need for analytical 
models that can yield results in agreement wi th available array data, in 
order to extrapolate the limited data to other sites and regions. In this 
regard, stochastic models may be particularly appropriate. 
1.2 Objective and Scope 
The objective of this study is to develop a stochastic model to 
represent the characteristics of earthquake excitations pertinent to 
lifelines, such as power and cross spectral density funct ions, cross-
correlation and spatial variation. Empirical, closed form expressions are 
deri ved for the power spectral densi ties of differential ground motion; 
specifically, the form of the differential spectra depends on a few 
parameters that change wi th distance. The input data for the analytical 
stochastic model are the earthquake magni tude, the distance of the si te 
from the existing faults and the velocities of the compressional and shear 
waves in the ground. 
This study also examines the contribution of the spatially varying 
input ground motion to the response of lifelines (pipelines and long 
beams). The importance of bending stresses compared to axial stresses for 
3 
pipelines is discussed and the effect of differential motion on the 
response of long-span beams is presented. 
1.3 Organization 
In Chapter 2 the model for evaluating the stochastic characteristics 
of strong ground motion is summarized; the related work is reviewed and the 
general procedure of the model is described. 
Chapter 3 gives the comparison of the results of the model with data 
obtained from the earthquake of January 29, 1981 recorded at the SMART-1 
array in Taiwan; the results include the power spectral densities, cross-
correlation coefficients, and spatial variations of ground motions in three 
directions. 
Chapter 4 examines the effect of differential ground motion on the 
response of pipelines. Two different cases are considered; in the first 
case the effect of differential motions on the joints of a pipeline is 
examined, whereas for the second case a continuous pipeline on elastic 
foundations is analyzed. 
Chapter 5 examines a single-span, simply-supported long beam subjected 
to partially and fully correlated support motions. 
Finally, Chapter 6 summarizes the results, including the validation of 
the model and the main effects of differential motions on the response 
of lifelines. 
4 
CHAPTER 2 
GROUND MOTION MODEL 
2.1 Review of Current State 
In earthquake resistant design of conventional structures, the key 
parameter used to quantify the seismic loading is usually the peak ground 
acceleration. Various attenuation equations for the peak ground 
acceleration have been proposed (see, e.g., Donovan and Bornstein, 1978). 
On a more sophisticated level the response spectrum has been used (Newmark 
and Hall, 1969). In the stochastic domain, an earthquake is approximated 
by a white noise or a filtered white noise process (Housner and Jennings, 
1964) . The underlying assumption in analyzing and designing conventional 
structures to resist earthquakes is that the ground motions over the entire 
plan area of a structure are the same or do not vary significantly from 
pOint to pOint. 
However, the seismic design of long lifelines differs fundamentally 
from that of conventional structures. Whereas the foundations of 
conventional structures extend over a limited area and therefore the ground 
motion can be assumed to be coherent~ i.e., the same, this is not the case 
for long lifelines, in which the structure extends over a great distance 
relati ve to its other dimensions. Whereas the coherent motion may not 
induce significant stresses in the structure, i.e., it may only cause 
rigid body motions, the incoherent motion may induce significant stresses 
within the structure. 
208 }r < 
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Although the state-of-the-art of earthquake engineering has progressed 
rapidly in the past few decades, there are still ar~as associated with the 
analysis of horizontal systems that require further study, including 
improvements in the characterization and definition of the spatial 
variation of ground motions. 
Differential earthquake ground motion can be the result of the 
following: 
1. relative fault motion; 
2. liquefaction of soil; and 
3. wave propagation. 
Only differential motions caused by wave propagation will be examined in 
this study. 
In the stochastic approach for a point system (e.g., building), a 
power spectral density for acceleration is prescribed; often the 
Kanai-Tajimi spectrum (Kanai, 1957; Tajimi, 1960) is used. In the 
examination of long lifelines the spatial variation of ground motion is 
usually assumed to be an exponentially decaying function, which requires 
some previous knowledge of the earthquake characteristics. However these 
earthquake characteristics are difficult to obtain, because of the lack of 
dense instrument arrays that can provide information for evaluating the 
spatial variations of ground motions. 
In order to evaluate the differential motion between two stations on 
the ground surface, Nelson and Weidlinger (1977) introduced the 
Interference Response Spectrum, which is the response of a two-degree of 
freedom pipeline subj ected to a seismic exci tation propagating along the 
axis of the pipeline. In the stochasti c domain, Shinozuka and Kawakami 
(1977) introduced a one-dimensional model for evaluating the spatial 
variation of ground motions, namely a surface layer subjected to vertically 
incident shear waves in which the dominant frequency of the layer, as well 
as the incident wave, were considered to be random processes. 
A stochastic model is proposed for determining the differential 
earthquake ground motions. The inputs to the model are: 
1. the earthquake magnitude; 
2. the depth and orientation of the existing fault; 
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3. the distance of the stations from the epicenter; and 
4. the characteristics of the medium, namely the velocities of the 
compreSSional and shear waves in the intervening material. 
The general description of the model is presented in the next section, 
followed by the various steps required in its implementation. 
2.2 Description of Model 
2.2.1 General Concept and Basis 
The general approach for evaluating the strong ground motion may be 
summarized in the following steps: 
1 e Specification of the Earthquake Magnitude -- The earthquake 
magnitude depends on the particular site, the occurrence of earthquakes at 
the site, and on the structure itself, namely its lifetime. 
2. Modeling of the Source Mechanism by a Random Process -- The motion 
at the source is considered to be a random process described by the power 
spectral dens i ty function. This power spectral densi ty is a functi on of 
the earthquake magnitude and the characteristics of the surrounding 
medium. 
3. Specification of the Frequency Transfer Function -- The frequency 
transfer function is the result of an analytical wave propagation solution 
and a system identification technique. The actual three-dimensional 
problem of the ground excitation during an earthquake is decomposed 
into two two-dimensional problems, namely a plane strain (dip-slip rupture) 
problem and an antiplane (strike-slip rupture) problem. 
4. Evaluation of the Strong Ground Motion -- The characteristics of 
the surface ground motions include the power spectral densities and the 
cross spectral dens i ti es at various points on the ground surface, from 
which the spatial variations of the ground motions are determined. 
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2.2.2 Power Spectral Density of Source Motion 
The motion at the source is likely to be far too complex to be 
rep res en ted by any s imp I e mat h em at i c a I fun c t io n , an d , the ref 0 rea 
statistical, rather than a deterministic, approach is more appropriate. 
The random nature of the exci tation at the source has been widely 
considered in the literature. Housner (1955) postulated that the 
earthquake mechanism occurs as a random ensemble of individual dislocations 
at the source. Haskell (1964, 1966) introduced the spatio-temporal 
autocorrelation function of the relative acceleration at the source, 
whereas Aki (1967) introduced the spatio-temporal autocorrelation function 
of the relative velocity at the source. Boore and Joyner (1978) examined 
the influence of rupture incoherence on seismic directivity by considering 
analytical and Monte Carlo studies of models of nonuniform rupture. Hanks 
(1979) and Hanks and McGuire (1981) proposed a stochastic source model with 
an w-square spectrum and a corner frequency depended on the global stress 
drop at the fault to predict a variety of measures of strong ground 
motion. Andrews (1981) introduced a model of random fault motion by 
assuming that the~slip velocity is a random function of time and position. 
Papageorgiou and Aki (1983a,b) constructed a source model by assuming that 
the fault surface is composed of an aggregate of circular cracks at which 
rupture occurs, and the stationary occurrence of such localized ruptures 
generates the strong motion. Recently, Joyner (1984) introduced a 
stochastic kinematic model, in which the spectrum is controlled by the 
rupture length and width. 
The decomposi tion of the three-dimensional wave propagation problem 
into a plane strain and an antiplane problem implies the simultaneous 
occurrence of the rupture over the entire length of the source. Therefore, 
the autocorrelation function and the power spectral density of the motion 
at the source should also be independent of the spatial component along the 
length of the fault. Accordingly, only the temporal variability of the 
excitation as presented in Haskell's (1966) or Aki's (1967) source model 
can be included; in either source model, the rupture at the fault is 
correlated only for small time lags. 
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The autocorrelation function of a stationary random process X(t) is 
defined as (Bendat, 1977): 
R (1) = lim 
xx T'-+oo 
TI 
2T' f x(t)X(t+1) dt 
-T' 
(2. 1 ) 
where: T I, t denote time; and 1 is the elapsed time difference. 
Alternatively, the autocorrelation function of a stationary process may be 
defined as the ensemble average of individual autocorrelation functions of 
arbitrary time records jx(t) of finite durations, namely (Bendat, 1977), 
R (1) 
xx 2T1 
I 
2T2 
where j denotes 
jx(t), T1 and T2 
T1 
jx(t) j J < x(t+1) > Av dt 
-T 1 
T2 
jx(t) jX(t+1) L < > Av dt 2 
the particular dependence on 
denote finite time intervals, 
the 
and < 
(2.2) 
arbi trary time record 
>Av denotes average. 
Therefore, the autocorrelation function of the relative velocity at 
the source during an earthquake may be defined as, 
TI 
R (1) = lim 2TI L. D(t) D(t+1) dt vv T'-+oo 
2T ( < D(t) D(t+1) > Av dt 
-T 
. -1 
kT 
K f T < D(t) D(t+1) dt 2 > Av 
-1 
-k T 
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where: 
v = velocity; 
1 = the time lag; 
D the relative displacement at the source; 
T the total rise or fracture time at which the displacement at the 
source reaches its final value D ; 
o 
the correlation time, implying that the motion at the source is 
correlated only for time intervals k~l < 1 < k~l. 
The superscript j has been omitted for simplicity. 
According to Aki (1967), the autocorrelation function of the relative 
veloci ty is of the negati ve exponential form. Based on this assumption, 
the integration of Eq. 2.3 yields 
(2.4) 
where X is a constant determined from the characteristics of the fault and 
o 
the surrounding medium. The term (1 - kT111) in Eq. 2.4 has been included 
as a window in order to eliminate the tail contribution of the exponential 
-1 
term for time lags 1 > kT . 
The power spectral density of the relative velocity has the following 
form: 
s (w) 
vv 
The determination of the parameters Xo and kT is discussed below. 
Evaluation of Xo and kT -- Following Haskell (1966) the parameter Xo 
may be defined as follows. Let A(w) be the Fourier transform of the 
average relative velocity at the fault, i.e.: 
A(w) fOO < D(t) > Av e- iwt dt 2n 
-00 
(2.6) 
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where: 
w = the circular frequency; and 
O(t) the relative velocity at the source. 
For w = 0, the above equation becomes 
A(O) 
00 
J < D(t) > Av dt 21T 
-00 
D 
o 
21T 
(2.7) 
where D is the final value of the displacement or dislocation at the 
o 
source. 
It can be shown that 
where: 
T 
- S (w) 
1T VV 
the rise time; and 
(2.8) 
T 
S (w) 
vv 
the power spectral densi ty of the relati ve veloci ty at the 
source, as defined by Eq. 2.5. 
For w 
x 
o 
o and making use of Eq. 2.5, Eq. 2.8 gives 
2T e- 1 
(2.9) 
For an infinite fault with infinite rupture velocity, Kanamori (1972) 
showed that: 
D v 
o s 
u = 2T = (J jJ 
where: 
u = the particle velocity; 
(J = the effective stress; 
(2. 10) 
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~ the rigidity of the medium; and 
Vs the shear wave velocity of the bedrock. 
The assumption of the equality of the effective stress a to the static 
stress drop ~a, i.e., 
a = ~a (2.11) 
is reasonable for a relatively smooth motion at the fault (Kanamori, 
1972). The stress drop ~a is generally given by the equation 
D 
o 
C l.l A (2.12) 
where, C is a nondimensional factor, and 1\ is a measure of length, both 
depending on the geometry of the fault. A summary of the values of these 
parameters for certain fault geometries may be found in Kanamori and 
Anderson (1975). For a finite rectangular fault Eq. 2.12 holds only 
approximately as discussed in Sato (1972). 
Throughout this study, the following value of the stress drop for a 
dip-slip fault is used (Sato, 1972)= 
where: 
A,~ the Lame' constants; and 
W the width of the source. 
Combining Eqs. 2.10, 2.11 and 2.13, the rise time is given by 
T 
(2.13) 
(2.14) 
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Equations 2.9 and 2.14 indicate that the parameter X depends on the 
o 
final dislocation at the source D , the width of the rupture W, and the 
o 
velocities of the compressional and shear waves. 
Based on worldwide data and a statistical analysis, Mohammadi and Ang 
(1980) obtained analytical expressions for characterizing the fault rupture 
as a f"unction of the earthquake magni tude. On this basis, the rupture 
width and displacement may be determined as follows: 
Width of rupture (in km): 
W exp(l .38 M - 7.32) 
s 
Rupture displacement (in m): 
D 
o 
exp (1 .78 M - 12.31) 
s 
where M is the surface wave magnitude. 
s 
(2.15) 
(2.16) 
Equations 2.9, 2.14, 2.15 and 2.16 completely define the source 
parameter X . 
o 
Kanamori and Anderson (1975) proposed that the correlation time k~l is 
proportional to the rise time T, namely, 
E = (2.17) 
where E is a proportionality constant. 
As an indication of which values of the proportionality constant E 
should be acceptable, the values of kT/vs obtained from Haskell (1966) were 
plotted in Fig. 2.1 as functions of Msi similar values of kT/vs obtained 
from the model are also presented for E = 1, 3, 5, 10, 20 and 1 00. The 
values of E in the range of 1 to 10 appear to be appropriate. As can be 
seen in Fig. 2.2, E controls the shape of the power spectral density at the 
source; the smaller the value of E the more the spectrum approaches a delta 
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function at frequency w = 0, whereas for large values of E the spectrum 
approaches a white noise process. 
Whereas E controls the decay of the spectrum, X controls its maximum 
o 
value, namely the value at w = O. X grows exponentially with the surface 
o 
wave magnitude, M , as can be seen from Fig. 2.3. 
s 
2.2.3 Determination of Frequency Transfer Function 
The motions at the ground surface induced by an earthquake are the 
res ul t of the fault rupture at the source and the propagation of the 
resulting waves through the intervening strata. The latter effects may be 
represented by means of a frequency transfer function. This frequency 
transfer function is obtained through an analytical wave propagation 
solution and a system identification technique. Although the interaction 
of the motion at .the source and the propagating waves is not taken into 
account, the separate examination of the excitation at the source and the 
transmission of the resulting waves is a good approximation (Aki, 1967). 
The analytical wave propagation method used in this study is the 
method of self-similar potentials (Seyyedian-Choobi and Robinson, 1975), 
and a time-domain system identification technique (Beck, 1978) is used. 
The Method of Self-Similar Potentials -- The method of self-similar 
potent ials, or funct ionally invar iab~e solutions, is a powerful technique 
for solving equations of motion in two-dimensional elasticity with initial 
or boundary conditions that are given as homogeneous functions of the space 
and time variables. An extensive description of the method with 
applications to certain contact problems is given in Thompson and Robinson 
(1969). The application of the same method for solving dynamic problems in 
a three-dimensional space is presented in Johnson and Robinson (1972) and 
Farewell and Robinson (1974), whereas Seyyedian-Choobi and Robinson (1975) 
solved the problem of a buried dislocation pulse in a layered half-space by 
a combination of self-similar solutions. In all cases, the medi urn is 
assumed to be elastic, homogeneous and isotropic. 
For an elastic, homogeneous and isotropic solid, under the assumption 
of infinitesimal strain, Navier's equations of motion become: 
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II u ... + (A+ll) u ... 
I,JJ J,Jl 
i,j 1, 2 or 3 (2.18) 
f .th where, u .. denotes the partial derivative 0 the 1 component of the 1,J 
displacement vector u with respect to the jth Cartesian coordinate and p is 
the ma~s density. 
By the Stokes-Helmholz resol ution, the displacement vector ~ can be 
expressed as the sum of the gradients of a scalar potential ¢ and the curl 
of a vector potential $, i.e., 
u = V¢ + V x $ (2.19) 
where $ satisfies the condition: 
V • $ o (2.20) 
For the equations of motion (Eq. 2.18) to be satisfied, it is both a 
necessary and sufficient condition that the respective potentials satisfy 
the wave equations; namely, 
¢ .. -
,11 
$ ... -
I,JJ 
.. 
2 ¢ 
v 
P 
o 
o (2.21 ) 
where v = ;'A+211 and v = ~ are the velocities of the compressional p p s p 
(or P-) wave and shear (or S-) wave, respectively. 
The general approach for evaluating the displacements in an unbounded 
medium may be summarized as follows: 
1. Introduce appropriate complex potentials, displacements and 
stresses. 
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2. Determine the equations for the characteristic surfaces. The 
characteristic surfaces are uniquely defined by the variables 81 and 
82 ; these equations map the x,y,t space into the complex planes 81 and 82 " 
3. Express the complex displacements and stresses as functions of the 
complex potentials in the 81 and 82 planes. 
4. Any loading that is homogeneous in space and time can be 
r epres ente d by an appropr i ate di fferen t i at i on or integration of the 
equations obtained in Step 3. Obtain the expressions for displacements and 
stresses according to the degree of homogeneity. 
5. Apply Cauchy's integral formula for the half-space to evaluate the 
complex expressions of the boundary conditions. 
6. Equate the expressions obtained in Steps 4 and 5 at the boundaries 
and determine the corresponding complex potentials. 
7. Substi tute the complex potentials obtained in Step 6 into the 
equat ions for displacements and stresses obtained in Step 4. The real 
parts of the expressions represent the required displacements and stresses. 
In general, the motions at the ground surface resulting from an 
earthquake of fault rupture origin are the result a three-dimensional 
problem. Seyyedian-Choobi and Robinson (1975) approximated the 
three-dimens ional problem wi th two two-dimens ional ones, namely a plane 
strain and an antiplane problem. 
The plane strain problem, which corresponds to a dip-slip motion 
(Fig. 2. 4a), results in the displacement time histories along the 
ep i ce ntral direction (u ) and the verti cal directi on (u ), whereas the y x 
antiplane problem, which corresponds to a strike-slip rupture (Fig. 2.4b), 
leads to the displacement time histories normal to the epicentral direction 
(u). In both problems, the solutions are independent of the z-direction. 
z 
For the general case of a half-space medium, the method considers: 
(i) the boundary conditions at the free surface and at the rupture 
surface; 
(ii) the effect of the reflected waves at the free surface; and 
(iii) the possibility of the formation of a head wave and the effect 
of head wave disturbances when a shear wave reaches the free 
surface in the plane strain case. 
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The different parameters associated with the model are (see Fig. 2.4): 
(i) The source parameters; namely, the width of the rupture W, the 
focal depth H (depth of earthquake source), the angle y 
representing the orientation of the rupture surface relative to 
the free surface, the speed of rupture propagation a, and the 
f au 1 t dis pIa c em e n t s D an d 0 for dip - s 1 i P an d s t r ike - s 1 i P 
x z 
motions, respectively. 
(ii) The velocities of the compressional and shear waves in the 
medium. 
Evaluation of the Impulse Response Function -- Consider a half-space 
with a fault rupture displacement uB (Fig. 2.5). Using the method of 
self-similar potentials the displacement time histories at various stations 
at the ground surface (e.g., stations 1,2,3, ... , n) may be obtained. The 
system transmitting the excitation from the source to the free surface may 
be approximated by a linear N-degree of freedom system. The base excita-
tion for each of these systems is the rupture displacement uB ' and the 
response at the surface (top mass) is the corresponding displacement time 
history obtained through the method of self-similar potentials. 
The impulse response function of each of the N-degree of freedom 
systems may be assumed to consist of a negati ve exponential term and a 
Sinusoidal term; this is consistent with observed displacement time 
histories. Although the method of self-similar potentials deals with an 
elastic, homogeneous and isotropic half-space, damping can be included 
in the analysis to represent the effect of radiation damping. 
A normal mode approach was considered in the analysis, and the modes 
can, therefore, be examined one at a time. Recall that the impulse 
response function of an ordinary single-degree of freedom system has the 
form (e.g., Thomson, 1981) 
h (t) 
o 
where: 
-z;wt 12. 
e sin(wl' 1-z;~ t) 
w = the natural frequency; and 
z; the damping coefficient. 
(2.22) 
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Equation 2.22 satisfies both requirements of the system transmitting 
the fault excitation to the displacement at the free surface. It implies, 
however, that the base excitation is a point source, which is not the case 
of the fault displacement during an earthquake. The method of self-similar 
potentials considers that the following occurs at the source (Fig. 2.6). 
The motion is considered to start at time t = 0 at the middle of the width 
of the fault as a step function in displacement of infinite duration and 
magnitude 
faulting. 
equal to D for dip-slip faulting and D for strike-slip 
x z 
This step function propagates towards both ends of the fault 
with speed equal to the speed of rupture propagation a until it reaches the 
ends of the fault where it suddenly stops (bilateral faulting). 
Therefore, the motion at the source is considered to consist of a 
series of unit impulses distributed over the width of the fault (Fig. 2.7), 
each occurring at time ti = IXil/a and transmitted to the ground surface by 
the impulse response function of Eq. 2.22. Accordingly, the total impulse 
response function of the system has the form: 
h(t) 
where: 
1 f
W/2 Ix·1 
- h (t - _1_) d I I 
W -W/2 0 a xi 
-1 {exp( -swt) (s sin wdt + ~ cos wdt) Kww d 
K = W/2ai and 
W = W ~, the damped natural frequency. d 
(2.23) 
A system identification technique allows the evaluation of the 
characteristics of the system, namely its natural frequencies, damping 
coefficients and participation factors. The input to the system under 
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consideration is a step function in displacement of infinite duration and 
magnitude 
faulting. 
of freedom, 
equal to D for dip-slip faulting and D for strike-slip 
x z th 
The output of the system, e.g., the response at the N degree 
is the displacement time history obtained by the method of 
self-similar potentials, whereas the impulse response function is given by 
Eq. 2.23. 
The system i den t if i ca t i on technique used in this study is an 
extension of an iterative approach (Beck, 1978) to minimizing a function 
J(a 1 , ••• , a'n ) , whereby a series of one-dimensional minimizations are 
performed with respect to each a i . In the basic approach, J is minimized 
wi th respect to a 1 while keeping the rest of the ai's equal to their 
ini tial values. Then a 1 is changed to its new value and J is minimized 
with respect to a2 with the remaining parameters held constant, and so on. 
After one sweep through the parameters, giving new estimates of the a.' s 
1 
that minimize J, successive sweeps are performed until convergence is 
achieved. 
In the present case J is the error function, namely; 
J ( W l' W 2' ..., wN' r,;; 1 ' 
where: 
t f 
J [xo(t) - x(t)]2 dt 
t 
a 
N 
••• , <P N) 
(2.24) 
the participation factors at 
freedom of the system; 
th the N degree of 
the starting time of the record; 
the final time of the record; 
the displacement time history as obtained from the 
method of self-similar potentials; and 
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x(t) 
(2.25) 
is the response of the system, with impulse response function defined 
earlier in Eq. 2.23. 
During the first step of the minimization process, the parameters of 
all modes except one are held constant. Then J is minimized with respect 
to the natural frequency of the particular mode. During the second phase 
of the modal minimization the natural frequency is held constant and equal 
to the optimized value, while minimization takes place with respect to the 
damping coefficient. The participation factor is obtained by equating the 
derivative of the error function with respect to the participation factor 
to zero. After convergence for the mode under examination is achieved, J 
is mi n imized wi th respect to the following mode. The sweeps over all 
modes are continued until total convergence occurs. The advantage of the 
method is that it does not require initial values for the participation 
factors. It also allows the addition of one mode at a time by updating the 
number of modes in x(t) (Eq. 2.25) after each successful global minimiza-
tion. Therefore, the iterations may be terminated, when an additional mode 
does not contribute considerably to the minimization of the error function, 
The frequency transfer function for each mode is simply the Fourier 
transform of the impulse response function (Thomson, 19B1). 
present purpose, this may be expressed as, 
H. (w) 
J 
where, t f - ta is the duration of strong ground motion. 
For the 
(2.26) 
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With the impulse response function of Eq. 2.23, Eq. 2.26 gives, 
H. (w) 
J 
- exp(s·w.K) sin wd(tf-K») -~ (2C .w. + iw) 
J J J J J 
- exp[-(s.w. + iw)t ][(w. - 2sJ.wJ. - is .w)(sin wdt J J a J J a 
- exp(s·w.K) sin wd(t -K») -~ (2 s .w. + iw) J J a J J J 
. (cos wdt - exp(s.w.K) cos wd(t -k»)]} 
a J J a 
2.3 Stochastic Characteristics of Ground Motion 
(2.27) 
Absolute Ground Motion -- The power spectral densi ti es and the cross 
spectral densities of ground motion at various points on the ground 
surface may be evaluated as follows. 
Let uj (t) and u9. (t) denote the displacement time histories at any 
two stations (or two directions) j and 9., respectively. The input to the 
system is the displacement at the source, for which the power spectral 
density of the velocity is given by Eq. 2.5. The expression for the 
displacement time history at station j is given by: 
u. (t) 
J 
where: 
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(2.28) 
¢~j) the participation factor for the kth mode at station 
j; 
the impulse response function for 
station j as given by Eq. 2.23; and 
th the k mode at 
the velocity and displacement at the source. 
The cross spectral density between stations (or directions) j and Q, 
may be evaluated as follows: 
N M 
L L 
k=1 m=1 
(2.29) 
* where denotes the complex conjugate, Nand M are the number of modes used 
in the analysis, 
S (w) 
vv 
If j = Q" N 
the frequency transfer function for mode k at station 
(or direction) j (see Eq. 2.27); and 
the power spectral densi ty for the veloci ty at the source 
(Eq. 2.5). 
M, and Eq. 2.29 yields the power spectral density at station 
j; whereas if j :;t; Q" N:;t; M, and Eq. 2.29 represents the cross spectral 
density of the displacement between stations (or directions) j and Q,. 
For a stationary process the cross spectral densities for velocity and 
acceleration are given by (Lin, 1976) 
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S· (w) 2 S (w) w 
uj UQ, U j UQ, 
(2.30) 
and 
-
4 
s·· .. ( w) w S (w) 
ujuQ, uj UQ, 
(2.31) 
where uj and uj denote velocity and acceleration, respectively. 
Differential Ground Motion -- The cross-correlation coefficient of the 
motions between two different stations (or two different directions) is 
defined as: 
PU.U.(W) 
1 J Is (w) S (w) U.U. U.U. 
1 1 J J 
(2.32) 
where Re denotes the real part. Through Eqs. 2.30 and 2.31, it can be 
shown that the cross-correlation coefficient for displacement, velocity, or 
acceleration is of the same form. 
The spatial correlation coefficient is defined as: 
00 
I Re[S (w)] dw u.u. 
1 J (2.33) -co 
00 
J Is (w) S (w) dw u.u. U.U. 
-00 1 1 J J 
where ~ is the distance between stations i an d j, an d S u . U . (w), S ( w) 
1 J uiUi 
and S (w) are given by Eq. 2.29. 
u.u. 
J J 
Let llu(t) = u.(t) - u.Ct) be the differential ground motion between 
1 J 
stations i and j on the ground surface. The power spectral density of the 
differential ground displacement is, 
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SA A (W) 
uU,uU 
S (W) + S (W) - 2 Re[S (w)] 
u.u. u.u. U.U. 
1 1 J J 1 J 
(2.34) 
where S (w) and S (w) are obtained from Eq. 2.29, whereas the real 
u.u. u.u. 
1 1 J J 
part of the cross spectrum Re[S (w) ] can be obtained directly from 
u.u. 
Eq. 2.29 or from Eq. 2.32. 1 J 
The spectra for differential veloci ties and accelerations may then 
be evaluated as follows 
S· . (w) 2 SLl Ll (w) w Llu,Llu u, u (2.35) 
and 
S·· .. (w) 4 SLl Ll (w) W Llu,Llu u, u (2.36) 
where flu and Llu denote differential velocity and acceleration, 
respectively. 
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CHAPTER 3 
VALIDATION AND PRACTICAL SIGNIFICANCE OF MODEL 
3.1 Introduction 
This chapter presents the results of the stochastic model described in 
Chapter 2. In order to provide a basis for comparison and validation, the 
model is used to reproduce ground motions simulating the earthquake of 
January 29, 1981 recorded at Lotung, Taiwan. 
Earthquake ground motions recorded by the dense instrument array 
(SMART-1, i.e., Strong Motion Array in Taiwan) in Lotung, in the northeast 
corner of Taiwan, provide information about the spatial variation of 
surface ground motions. The array (Fig. 3.1) consists of a center instru-
ment COO and other instruments arranged on three concentr ic circles (the 
inner denoted by I, the middle by M and the outer by 0), wi th radi i of 
0.2 km, 1.0 km and 2.0 km, respectively; along the circumference of each of 
these circles are 12 strong-motion seismographs having a common time basis. 
The comparison of the analytical results with the empirical data from 
the earthquake (Loh, Ang, and Wen, 1983; Loh, 1984b; Harada, 1984) includes 
power spectral densi ty functions of acceleration along and normal to the 
epicentral direction for the stations located on the diameter from 006 to 
012 (Fig. 3.1), cross and spatial correlation coefficients, as well as 
power spectral density functions of differential motions. 
The power spectral densi ty functions of differential motions are of 
great importance to the seismic safety evaluation of lifelines. For this 
reason, empirical and closed form expressions for the spectral densities 
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are also evaluated; specifically, the empirical expressions depend on a few 
parameters that change with the separation distance. 
3.2 The Earthquake of 29 January 1981 
The local magnitude of the 29 January 1981 earthquake was 6.3; in this 
range of magnitudes, the local magnitude, ML, is equal to the surface wave 
magnitude, M (Hanks and Kanamori, 1979). Therefore, 
s 
M 
s 
6.3 (3. 1 ) 
The epicentral distance of the earthquake was 30 km from Lotung, with 
a focal depth of 11 km. According to Eqs. 2.15 and 2.16, the width of the 
rupture would be 3.95 km with a rupture dislocation of 33.4 cm. The 
contributions to the final fault offset were assumed to be equal from the 
dip-slip and strike-slip faulting. Therefore, 
D 
x 
D 
z 
23.6 cm 
The velocity of compressional waves is (Loh, 1984a) 
v p 
km 3.33 sec 
(3.2) 
whereas the shear wave velocity would be (Newmark and Rosenblueth, 1971) 
v 
s 
km 1 .92 
sec 
(3.4) 
The speed of rupture propagation at the fault is assumed to be 1.60 km/sec 
(which is equal to 0.83 v
s
). 
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The epicentral direction of the earthquake almost coincides with the 
direction from Station 006 to Station 012 (Fig. 3.1). 
The power spectral density of the excitation at the source is shown in 
Fig. 3.20 The value of the proportionality constant is E = 3. 
Typical displacement time histories in three directions -- vertical, 
along epicentral and normal to epicentral, -- obtained from the method of 
self-similar potentials are shown in Fig. 3.3 together with the results of 
the system identification technique; the results are almost 
indistinguishable. The number of modes used in the analysis ranged from 29 
to 38; the iterations were stopped when an addi tional mode would not 
contribute significantly to the minimization of the error function. The 
ini tial values of the frequencies were taken from the peaks of a Four ier 
transform analysis of the displacement time histories. 
As can be seen from Fig. 3.3 the exci tation in the normal to the 
epicentral direction starts later than the other two. This is due to the 
fact that the excitation in this direction is the solution of the antiplane 
problem, which consists only of SH-waves. The excitations in the vertical 
and the along epicentral direction are the solution of the plane strain 
problem and consist of compressional, SV- and head waves. 
3.3 Comparison of Results 
The assumptions underlying the idealized model relative to reality may 
be summarized as follows: 
1. In the model the medium is considered to be elastic, homogeneous 
and isotropic; in reality the ground is inelastic, inhomogeneous and 
anisotropic. 
2. The medium is considered to be a uniform half-space; at the site 
of the SMART-1 array there are three shallow dipping layers (total depth 
approximately 500 m) right underneath the array. 
3. The method is a two-dimensional approximation of a 
three-dimens ional problem; in this way the interaction of reflected and 
refracted waves in the three-dimensional domain, as well as the effect of 
33 
the propagating disturbance along the length of the rupture and the end. 
effects of the rupture are lost. 
4. The source parameters are values obtained from world-wide data 
and may not be accurate for the reference earthquake. 
Power Spectral Densi ty for Acceleration -- The power spectral 
densi ties of acceleration at the stations on the diameter from 006 to 
012 (Fig. 3.1) may be evaluated through Eqs. 2.29 and 2.31. 
Figures 3.4 to 3.8 show the power spectral densities for acceleration 
at Stations 006, 106, COO, 112 and M12, respectively, along and normal to 
the epicentral direction; coccesponding empirical results (Loh, Ang, and 
Wen, 1983) are also shown in these figures. Figure 3.9 shows the results 
of the model in the direction along the epicentral direction at Station M06 
and normal to the epicentral direction at Station 012 together wi th the 
empir i cal results; no empir i cal results were available for the direction 
normal to the epicentral direction at Stat ion M06, nor for the direction 
along the epicentral direction at Station 012. 
The results of the model are in reasonable agreement with the 
empirical results obtained by Loh, Ang, and Wen (1983). However, in 
general, the results of the model underestimate the spectra at the higher 
frequencies along the epicentral direction, whereas they overestimate the 
spectra at the lower frequencies in the direction normal to the epicentral 
direction. These may be explained in part by the existence of the dipping 
layers; as Dravinski (1984) indicated, the existence of such layers results 
in the amplifications or reductions of the amplitudes of the incoming 
waves. These amplifications or reductions depend on the particular wave, 
the frequency of the wave, the number of layers and the characteristics of 
the layers; the effect of the layers is more obvious in the direction along 
the epicentral direction at Station M12 (Fig. 3.8a), where the maximum 
value of the spectrum occurs at a much higher frequency than at any other 
station, and in lesser degree in the spectra normal to the epicentral 
direction at Stations 106, COO and 012, where the maximum values of the 
spectra occur at higher frequencies. 
In addi tion, the model examines displacement time his tor ies and not 
acceleration time histories, which, in general, results in the 
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overestimation of the spectra at the lower frequencies and underestimation 
at the higher frequencies. Furthermore, perfect correlation in the 
direction along the length of the fault reduces the high-frequency content 
of the source motion; as was indicated by Hanks (1979) the high-frequency 
strong ground motion depends strongly on the irregularities at the fault, 
particularly on the nature and extent of localized dynamic stress 
differences that develop during faulting. The dissipative nature of the 
soil may also be a reason for the overestimation of the spectra at the 
lower frequencies. 
As indicated by Loh, Ang, and Wen (1983), and later by Loh (1984b), 
the dominant frequency in the disturbance along the epicentral direction is 
between 1.10 1.30 Hz, whereas the dominant frequency in the disturbance 
normal to the epicentral direction ranges between 2.80 + 3.10 Hz; the 
former is due to surface waves. whereas the latter is due to shear waves. 
In the model presented herein, the participating waves in the direction 
along the epicentral direction are longitudinal (P-), shear (SV-) and head 
waves, whereas in the normal to the epicentral direction the only 
participating wave is the shear (SH-) wave. Figures 3.4 through 3.9 show 
that the dominant frequencies as well as the amplitudes of the spectra, 
compare well with the empirical data. 
Cross-Correlation and Spatial Variation -- Equations 2.32 and 2.29 
allow the evaluation of the cross-correlation coefficient. Figure 3.1 0 
shows the mean value of the cross-correlation coefficient along and normal 
to the epicentral direction at Stations 006, COO and 012 averaged over four 
frequency ranges; the results of the model are in good agreement with the 
empirical results. 
The spatial correlation coefficients (obtained from Eqs. 2.33 and 
2.29) in three directions, namely vertical, along and normal to the 
epicentral direction, are shown in Figs. 3. 11, 3.12 and 3.13. Lack of 
data in the vertical direction does not allow comparison of the spatial 
variation of the motion in this direction; the shape of the variation 
(Fig. 3.11), however, exhibi ts the characteristics of a spatial variation 
function, namely sinusoidal with exponential decay. The spatial variation 
along the epicentral direction (Fig. 3.12) is in reasonable agreement with 
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the data obtained from both Loh (1984b) in the direction along the 
epicentral direction and Harada (1984) in the NS direction (Fig. 3.1); 
considerable scatter in the data can be observed from the results of both 
authors. The spatial correlation in the direction normal to the epicentral 
direction (Fig. 3.13) is also in agreement with the empirical results 
reported by Loh (1984b). 
Power Spectral Densi ty of Differential Motion -- The power spectral 
density of differential acceleration may be obtained from Eqs. 2.36, 2.34 
and 2.29. Empir ical data for the power spectral densi ty of differential 
acceleration along the epicentral direction could be deduced from Loh, 
Ang, and Wen (1983). Figure 3.14 shows the power spectra of differential 
accelerations for separation distances of 0.2 km, 0.4 km, 0.8 km, and 
1.8 km, respectively, along the epicentral direction; corresponding results 
obtained from Loh, Ang, and Wen (1983) are also shown. 
The theoretical results show the same trend as the empirical spectra. 
The spectral ampli tudes, however, are underestimated at the lower 
frequencies, overestimated at the middle range, and approach zero at the 
higher frequencies faster than the empirical data. 
Equations 2.36, 2.34 and 2.32 indicate that the power spectral 
densities of differential acceleration depend on the cross-correlation 
coefficient. For the actual earthquake, multiple reflections and 
refractions at the shallow layers, and the anisotropy of the ground result 
to a hi gher loss of coherence than for the model, which cons iders an 
elastic, homogeneous and i'sotropic half-space. The differences in the 
lower and middle frequency range of the model and the actual earthquake may 
be attributed to this fact. The differences in the higher frequency range 
resul t from the assumption that the actual three-dimensional problem of 
wave propagation may be decomposed into a plane strain and an antiplane 
prOblem, as was also explained in the case of the power spectral densities 
of the absolute acceleration in this direction. 
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3.4 Proposed Power Spectral Density of Differential Motion 
The power spectral density of differential motions is of great 
importance to the seismic safety evaluation of long lifelines. For 
practical purposes, approximate power spectral densi ties of differential 
acceleration are introduced; these empirical expressions are obtained 
through a least-square minimization of the results of the half-space model 
(Eqs. 2.34 and 2.36). 
The form of the differential spectra of acceleration in the vertical 
direction and the direction along the epicenter suggests that an expression 
similar to the Kanai-Tajimi spectrum (Kanai, 1957; Tajimi, 1960) is 
appropriate, namely 
Se (f) 
x,y 
where f denotes frequency, S (£;), f (£;), S (£;) are the spectral ordinat e, 
o g g 
main frequency and damping coefficient of the spectrum, respectively, and £; 
denotes separation distance. 
The differential spectra of acceleration in the normal to the 
epicentral direction show two dominant frequency ranges. Therefore, the 
form of the approximate spectra in this direction is 
+ 4 ( S g (£;)) 2 (f f( £; ) ) 2 
Se(f) S (£;) 
1 g1 
z 0(1 - f 2)2 4 ( S g (£;)) 2 (f f( £; ) ) 2 (f (£;)) + 
g1 1 g1 
+ 4(sg (£;))2(f f(£;))2 
2 g2 
(3.6) 
, f ) 2) 2 f 2 (1 - \f (£;) + 4(sg (£;)) (f C£;)) 
g2 2 g2 
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Figures 3.15, 3.17 and 3.19 show the comparison of the approximate 
power spectral densi ties wi th the resul ts of the half-space model. The 
spectral amplitudes of the approximate expressions are higher than those of 
the half-space model in the lower frequency range; this provides a better 
approximat ion for the spectra of the actual earthquake, which are higher 
than the results of the half-space model in this frequency range as well 
(Sect. 3.3). 
The variation of the parameters of the approximate power spectral 
densities with separation distance are shown in Figs. 3.16, 3.18 and 3.20. 
The variation of S (t;,) starts from zero and decreases as distance 
o 
increases, because of loss of correlation. The parameter f (t;,) varies g 
linearly for the case of the vertical motions and the motions along the 
epicentral direction, whereas ~ (t;,) is constant for the motions along the g 
epicentral direction and varies slightly in the vertical direction. For 
the motions in the normal to the epicentral direction, the parameters vary 
sinusoidally. 
The approximation may be further simplified by introducing linear 
variations of the parameters of Eqs. 3.5 and 3.6 with separation distance 
(see Figs. 3.16, 3.18 and 3.20). The equations representing the linear 
approximation may be summarized as follows: 
(i) motions in vertical direction: 
( i i) 
S (t;,) 
o 
f (t;,) g 
motions 
S (t;,) 
0 
-0.44t;, + 2.24 } 
-0.04t;, + 0.32 
along epicentral direction: 
[ 7 .50~ 
24.14t;, - 3.33 
-6.64t;, + 29.60 
o ~ t;, ~ 0.4 
0.4 ~ t;, ~ 1.0 
1.0 ~ t;, ~ 2.2 
o ~ t;, ~ 2.2 
0 ~ t;, ~ 0.2 
0.2 ~ t;, ~ 1 .07 
1 .07 ~ t;, ~ 2.2 
38 
f (~) -0.56~ + 2.50 } g 0 ~ ~ ~ 2.2 Sg(~) 0.25 (3.8) 
(iii) motions normal to epicentral direction: 
[ 30~ 0 ~ ~ ~ 0.2 
S (~) = 51 .67~ - 4.33 0.2 ~ ~ ~ 0.5 0 
-5.88~ + 24.44 0.5 ~ ~ ~ 2.20 
f (~) -0.40~ + 2.79 l g1 f C;) -0:72; + 6: 19 
g2 
0 ~ ~ ~ 2.2 
S g (~) O. 08~ + 0.40 
1 
S g (~) -0.03~ + 0.59 (3.9) 
2 
where the separation distance ~ is in km, S (~) in cm2/sec 3 , and fg(~)' 0 
f (~) and f (~) in Hz. 
g1 g2 
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CHAPTER 4 
APPLICATIONS TO PIPELINES 
4.1 Introduction 
The continuing performance of pipelines during an earthquake is of 
vi tal importance to the heal th and safety of urban populat ion; e. g., the 
operational integrity of a water distribution system is essential for 
fire fighting after an earthquake. Also, in order to minimize the hazard 
of potential explosion, gas and oil pipelines must remain intact after an 
earthquake. Pipeline damage may be caused by fault ruptures, soil 
liquefaction, landslide, or ground shaking during an earthquake. 
Since pipelines are long structures that may extend over great 
distances along or close to the ground surface, the usual assumption of 
equal support motion is generally not valid. Nelson and Weidlinger (1977) 
introduced the "interference response spectra II in an at tempt to take the 
spatial variation of ground motions into account. The model is based on 
the differential motion of a two-degree of freedom pipeline, in which two 
pipe segments behave as rigid bodies that are supported by springs and 
dashpots as shown in Fig. 4.1. The base motion at the left support is a 
given acceleration time history, whereas the input at the right support is 
the same acceleration time history delayed by the travel time of the motion 
between the supports; i.e., equal to £/v, where £ is the distance between 
the centers of gravity of the two pipe segments and v is the velocity of 
the predominant wave. 
consistent wi th the 
Strictly speaking, however, this assumption is not 
propagation of earthquake waves, since the 
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accelerograms are the result of contributions of many different types of 
waves, that are reflected and refracted in the ground medium, and do not 
consist solely of a surface wave with constant propagation velocity. 
Shinozuka and Kawakami (1977) developed a stochastic model to evaluate 
the spatial variations of strong ground motion for a continuous pipeline. 
A one-dimensional propagating shear wave model was used; the compressional 
and surface waves, and the multiple reflections and refractions that occur 
in a layered medium because of the var ious angles of incidence of waves 
originating from the bedrock are neglected. 
The model presented in Chapters 2 and 3 is two-dimensional, in 
contrast to the one-dimensional models described above. The various waves 
contained in a strong earthquake ground motion, as presented in this model, 
are compressional, shear (SV- and SH-), and head waves. 
The pipelines examined in this study are subjected to two different 
kinds of input base motions. First the ground motions at the supports are 
assumed to be fully correlated; this represents the conventional 
deterministic approach~ Secondly, the spatial variation of ground motions 
is considered, by evaluating the response of pipelines subjected to 
partially correlated input motions at the supports. 
The effect of differential ground motion on the joints of a pipeline 
is e x am in e din Sec t. 4. 2 , w her e as con tin u 0 u s pip eli n e son e 1 as tic 
foundations are considered in Sect. 4.3. 
4.2 Differential Motions Between Pipe Segments 
Most damage of pipelines reported during earthquakes occurs at the 
joints of the pipes; therefore, the differential motions between the pipe 
segments are of great importance in the earthquake-resistant design of 
pipelines. These differential motions along and normal to the pipeline 
axis, namely in the axial, lateral, and vertical directions, may be 
examined separately. 
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4.2.1 Joints Subjected to Excitation Along Pipeline Axis 
Deterministic Analysis -- The model considered for evaluating the 
differential motions of pipelines subjected to earthquake excitations along 
the pipeline axis is that developed by Nelson and Weidlinger (1977). The 
model shown in Fig. 4.1 consists of two pipe segments, which are assumed to 
behave as rigid bodies; the pipe segments, each of mass, m, are connected 
with a spring of stiffness, kp' and a dashpot of damping, cp ; soil-
structure interaction is represented by springs and dashpots of stiffness 
and damping k and c ,respectively. The ground displacements at the two g g 
supports are denoted by y G (t) and y G (t), whereas the responses of the 
1 2 
masses of the pipe segments are Y1 (t) and Y2(t). 
The equations of motion of the system are 
mY1 + c (y -y ) + k (y -y ) + P 1 2 P 1 2 c (y 1 -Y G ) g 1 + k (y -y ) g 1 G1 0 (4. 1 ) 
mY2 + cp (Y2- Y1 ) + k (y -y ) + cg (Y2-YG ) + k (y -y ) 0 P 2 1 2 g 2 G2 (4.2) 
By adding Eqs. 4.1 and 4.2 and rearranging terms, 
(4.3) 
Equation 4.3 is the equation of motion of the rigid body mode, in 
which the distance ~ between the mass centers of the pipe segments remains 
constant. 
Subtracting Eq. 4.2 from Eq. 4.1 yields 
( 4. 4 ) 
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or, 
c k 
~ l1y 
m G + ~ l1y m G (4.5) 
where: 
!J.y the differential displacement between the pipe 
and, 
segments; 
c + 2c 
2z;:w g P 
0 m 
2 k + 2k g P w 
0 m 
At this point the following assumption is made 
c 
-2 
c g 
k 
.J2 
k g 
and the parameter a is introduced, 
k g c g 
a k + 2k c + 2c 
g P g P 
Then, the equation of differential motions becomes 
2 l1y + 2z;:w l1y + W l1y 
o 0 
l1y may be evaluated by means of Duhamel's integral, namely; 
(4.6) 
(4.8) 
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~y(t) I
t 
h(t-l) f(T) dl (4.9) 
o 
where: 
and, 
-l,;W t 
h(t) eOsin wo~ t, the impulse response function 
wo~ of the system; 
is the seismic input to the 
system; 
the natural frequency and damping coefficient, respectively. 
Stochastic Analysis -- The autocorrelation function of the 
differential motions between two pipe segments is defined as, 
RA A (1) 
uY,uy 
-co 
where, E represents the expected value, and 
f(t) seismic input to the system (Eq. 4.9); 
1 = the elapsed time difference. 
(4.10) 
Interchanging expectation and integration, the autocorrelation 
function for ~y becomes, 
RA A (1) 
uY,uY 
(4.11) 
where Rff (l) is the autocorrelation function of the seismic input, which 
may be evaluated as follows 
where: 
and, 
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E[f(t) f(t+-r)] 
(4.12) 
the autocorrelation function of the differential 
displacement; 
the autocorrelation function of the differential 
velocity; 
the cross-correlation functions between the 
differential velocity and displacement. 
Taking the Fourier transform of Eq. 4.12, the power spectral density 
of the input motion becomes 
Finally, with Eq. 4.13 the Fourier transform of Eq. 4.11 yields the 
power spectral density of the differential displacement when a pipe is 
subjected to earthquake excitations along the pipeline axis; thus, 
61 
SA !J. (W) UY, Y 
a
2 2 2 2 4) 2 
-4 (4l;; Wo W + Wo I H ( w) IS·· .. ( W ) 
W !J.yG,!J.YG 
(4.14) 
where: 
and S·· .. (w) is the power spectral density of the differential 
!J.yG,!J.YG 
acceleration (see Eqs. 2.34 and 2.36, or Eq. 3.5). 
4.2.2 Joints Subjected to Excitation Normal to Pipeline Axis 
The structural model used to evaluate the differential motion when a 
pipeline is subjected to earthquake excitations normal to the pipeline 
axis, namely lateral or vertical motions, is shown in Fig. 4.2. The 
s tl'uct ul' al model iss im i lar to the one Nelson and Weidl inger (1977) 
introduced in their interference response spectra; in addi t ion to the 
translational motions, xl (t) and x2 (t), of the mass centers of the pipe 
segments, the rotations 81 (t) and 82 (t) have been added. 
The equations of motion of the system are, 
mX 1 + c x + k x + c (~ -~ +~'8 +~'8 ) + k (x -x +~'8 +~'8 ) g1 g1 P 12 1 2 P 12 1 2 
+ k x g G
1 
(4.15) 
mX 2 + c x + kgX2 - c (~ -~ +~Y8 +~'8 ) - k (x -x +~'8 +~'8 ) g2 P 12 1 2 P 12 1 2 
(4.16' 
J8 1 + c ~Y(~ -~ +~'8 +~'8 ) + k ~I(X -x +~'8 +~'8 ) P 12 1 2 P 12 1 2 o (4. 17) 
62 
and, 
J8 2 + c ~'(~ -~ +~'e +~'e ) + k ~'(x -x +~'8 +~'8 ) P 12 1 2 P 12 1 2 o (4.18) 
where: 
XG (t), 
1 
~' ~/2, in which ~ is the distance between the mass 
centers of the two pipe segments; 
m, J the mass and the moment of inertia of each segment; 
the stiffness and damping between the pipe segments; 
the stiffness and damping of the soil; and 
the input displacements at the two supports. 
In matrix form Eqs. 4.15 through 4.18 become, 
[M]{x} + [C]{~} + [K]{x} {F(t)} (4.19) 
where: 
m 0 0 0 
0 m 0 0 
[M] 0 0 J 0 
0 0 0 J 
c +c -c c Q,' C ~I g P p P P 
-c c +c -c x., , -c ~, p g p p p 
[C] 
c ~' -c ~ v c ~,2 c ~,2 
P p p P 
C ~I 
-c ~' c ~,2 c ~,2 
P p p P 
k +k -k k ~' k ~ i g P P P P 
-k k +k -k ~ y -k ~' 
P g P P P 
[K] 
k ~' -k ~, k ~,2 k ~,2 
P p p P 
k ~, 
-k ~' k ~,2 k ~,2 
P p p P 
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x 1 
x 2 
{x} 
81 
82 
and, 
c Xc (t) 
g 1 
+ k Xc (t) 
g 1 
{F(t)} 
c Xc (t) 
g 2 
+ k Xc (t) 
g 2 
0 
0 
The natural frequencies and mode shapes of the system are: 
in which, 
and, 
o 
k 
~ 
m 
[0 o 
o 0] 
') / ') ') ') 
2k £'~m + k J + 2k J ± /(2k £'~m + k J + 2k J)~ - 8k k £'~mJ p g p p g p gp 
2mJ 
-1 (4.20) 
Q, , (mw ~ 4 - k ) 
, g 
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mJw~,4 - (k + 2k ) Jw~ 4 - k £,2mw~ 4 + k k £1 2 g P , P , g P 
k £'Jw~ 4 p , 
The subscripts 2,4 and II,IV imply that the quantities are evaluated 
for the second and fourth modes, respectively. 
If stiffness proportional damping is assumed, and 
{x} [~J{y} 
then, the equations of motion, Eqs. 4.15 through 4.18, become, 
where: 
and, 
m. 
1 
c. 
1 
k. 
1 
{f.(t)} 
1 
c. 
1 
o 
i=1,2,3,4 
c (~G (t)-~G (t») + k (XG (t)-xG (t») g 1 2 g 1 2 
c (~G (t)+~G (t») + k (XG (t)+xG (t») g 1 2 g 1 2 
c (~G (t)-~G (t») + k (xG (t)-xG (t») g 1 2 g 1 2 
(4.21 ) 
(4.22) 
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Each y i ( t), i 
integral, 
1,2,3,4, may now be obtained in terms of the Duhamel's 
y. (t) 
1 I
t 
h.(t-T) f.(T) dT 
m. 1 1 
1 0 
(4.23) 
from which x1(t), x2(t), 8,(t) and 82(t) may be obtained through Eq. 4.2'. 
The differential motion between the pipe segments is 
.6x(t) x (t) - x (t) + ~'8 (t) + ~Y8 (t) 121 2 (4.24) 
Substituting xl (t), x2 (t), 8, (t) and 82 (t) from Eq. 4.2', Eq. 4.24 becomes, 
.6x(t) (4.25) 
where e lr IV = 2 + ~, All IV + ~' BII IV· , , , 
The power spectral density of the differential displacement, when the 
earthquake excitation is normal to the pipeline axis, becomes (see Appendix 
A for details) 
SA A (W) 
DX,DX 
(4.26) 
and S (w) are given by 
Y4 Y4 
2 or 4 (4.27) 
in which, Hj(w), H£(w) are the frequency transfer functions of the system. 
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The cross spectral densi ty of the input for the generalized 
coordinates j and ~, Sf f (w) may be found to be 
j ~ 
2 2 
c k 
~ + g 
2 4" 
w w 
(4.28) 
Equations 4.26 through 4.28 define the spectrum of differential displace-
ment between the pipe segments when subjected to earthquake exci tat ions 
normal to the pipeline axis. 
4.2.3 Effect of Differential Ground Motion 
The orientation of the axis of the pipelines examined in this study 
is assumed to coincide with the epicentral direction, namely the direction 
from Station 006 to Station 012 of the SMART-1 array as shown in Fig. 3.1. 
Therefore, the input in the axial direction is the motion along the 
epicentral direction, whereas the input in the lateral direction is the 
excitation normal to the epicentral direction. 
Loh, Ang, and Wen (1983) used the interference response spectra to 
evaluate the differential axial motion between two pipe segments for the 
earthquake of January 29, 1981 recorded at the SMART-1 array; 5% of 
critical damping was assumed, although the damping of pipelines may be much 
higher (Hindy and Novak, 1980). The same structural model is also used 
here for frequencies of 0.5, 1, 2 and 3 Hz with 5% of critical damping. 
The method of interference response spectra evaluates the maximum response 
in the deterministic domain. For comparison, the mean value and standard 
deviation of the maximum response during the same earthquake are evaluated 
with the stochastic analysis presented herein. 
Table 4.1 shows the results obtained wi th the interference response 
spectra, denoted by ~max; the results of the stochastic analysis are also 
presented for the mean maximum differential displacement, ~x' and 
m 
corresponding standard deviation, Ox over the duration of strong ground 
m 
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motion (Longuet-Higgins, 1952; Davenport, 1964). The results of the 
stochastic analysis are the response corresponding to the base mot ions 
obtained wi th the half-space model. The method of interference response 
spectra generally gives results that are lower than those of the stochastic 
analysis; this suggests that the interference response spectra tend to 
underestimate the differential motion between the pipe segments, 
particularly for pipes with frequencies higher than 1 Hz. 
Tables 4.2 through 4.4 show the differential displacements between 
pipe segments for the axial, lateral, and vertical motions. 
and damping of the connection between the pipe segments 
The stiffness 
is half the 
stiffness and damping of the soil. The natural frequency of the system 
subjected to axial motion is Hz. The frequency of the third mode of the 
system subjected to lateral and vertical motions is also 1 Hz; the third 
frequency of the system and the ratio of the stiffness of the connection 
between the pipe segments to the stiffness of the soil allow the evaluation 
of the remaining frequencies. The input motions in all directions are the 
results of the half-space model, obtained from Eqs. 2.34 and 2.36, as well 
as those described by the approximate power spectral densi ties for 
differential accelerations (Eqs. 3.5 through 3.9). The results obtained 
wi th the approximate power spectral densi ty of differential acceleration 
are in reasonable agreement with the results of the half-space model. 
The response in the vertical direction is smaller than the response in 
the axial or lateral direction. The axial and lateral responses are 
equally important in the seismic design of the joints, as pointed out in 
the report of the U. S. Department of Commerce (1973) with regard to the 
San Fernando earthquake of February 9, 1971. 
If the motion at two adjacent supports is assumed to be perfectly 
correlated, the input to the systems would be zero, which would resul t 
in a zero differenti al motion between the pipe segments, i. e., a stress-
free rigid body motion. This, however, would contradict the observation 
that most damage of pipelines during earthquakes occurred at the joints 
(U. S. Department of Commerce, 1973). Therefore, it is important that the 
, differe'ntial motions be considered in the design and safety evaluation of 
pipelines. 
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Differential Response Spectrum -- The differential response spectrum, 
similar in purpose to the interference response spectrum, is introduced 
here. The differential response spectrum represents the maximum response 
as a function of the natural frequency of a system; it is based on the 
response in the ,axial direction of the model presented in Sect. 4.2.1. The 
response is given by Eq. 4.14, whereas the input motion is the approximate 
power spectral density of Eqs. 3.5 and 3.8. 
Figure 4.3 shows the mean maximum differential displacements obtained 
with the differential response spectrum for separation distances 0.2, 0.8, 
1.0 and 1.8 km. The response of the same system subjected to input motions 
obtained through the half-space model (Eqs. 2.34 and 2.36) are also shown 
for comparison. The maximum differential displacements for the two input 
motions are in good agreement particularly for short separation distance 
~ = 0.2 km. The differences in the lower frequency range may be attributed 
to the fact that the spectral amplitudes of the approximate power spectral 
density are higher than those corresponding to the half-space model in this 
frequency range; in this way it is believed that the approximate power 
spectral densi ty provides a better approximation for the spectra of the 
actual earthquake than the half-space model (see Sect. 3.3). The maximum 
relati ve displacement decreases wi th frequency, and generally increases 
with separation up to a distance of 1.0 km which is related to the correla-
tion length. Loh, Ang, and Wen (1983) indicated that the correlation 
length is approximately 2.0 km. 
Figure 4.4 shows the differential response spectrum for the mean 
maximum differential displacement and the cor'responding mean plus one 
standard deviation obtained with the approximate power spectral density of 
differential ground acceleration. 
4.3 Response of Continuous Pipelines 
The effect of the differential motion on a continuous pipeline is 
examined in this section for axial and lateral motions. Again, fully and 
partially correlated input motions are considered; the latter representing 
motions expected during an earthquake. 
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4.3.1 Axial Response of Continuous Pipelines 
The model used to evaluate the response statistics of a long 
continuous pipeline is shown in Fig. 4.5; the pipe rests on elastic 
foundations and its end supports allow a rigid body motion in the axial 
direction. Buckling is not included in the analysis. 
If v(y,t) denotes the absolute displacement as a function of the 
coordinate along the axis of the pipeline, and vg(y,t) denotes the ground 
excitation, the equation of motion of the pipe becomes 
m 
where: 
2 
av(y,t) 2 a v(y,t) 
+ CA + KAv(y,t) - E A 
a v(y,t) 
at 2 
m 
at p ay2 
av (y,t) 
CA 
g 
+ KAv (y,t) (4.29) 
at , g 
the mass per unit length of the pipe; 
the damping and stiffness of the soil, respectively; and 
the modulus of elastici ty and cross sectional area of the 
pipe, respectively. 
The internal damping of the pipe has been neglected, as it is much smaller 
than the damping derived from the soil (Hindy and Novak, 1980). 
Letting the damping and the input gr'ound motions equal zero, and 
considering that the pipe has stress-free end conditions, the natural 
frequencies and mode shapes of the pipe become, 
~/1 + 
m 
cos (4.30) 
. sin 
(i-1 )ny 
____ a. sin 
Q, 
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N N 
I I (i-1)(j-1) 
i=1 j=1 
(j-1)n ys * Q, H1" (w) HJ" (w) L" L" 1 J 
(4.38) 
where 0A(Yo.) stands for axial stress at point YaG The corresponding cross 
spectral density of the axial strains EA(Y) is 
(4.39) 
4.3.2 Transverse Response of Continuous Pipelines 
The response in the direction normal to the pipeline axis can be 
evaluated with the model shown in Fig. 4.6; the pipe is assumed to rest on 
elastic foundations, and its end condi tions allow a rigid body motion in 
the transverse direction. 
If the absolute displacement in the transverse direction is denoted by 
w(y,t), where y is the coordinate along the axis of the pipeline, and 
u (y,t) is the ground excitation in the transverse direction, the equation g 
of motion of the pipeline becomes 
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2 
aw(y,t) 4 
m 
a w(y,t) 
+ CT + KTw(y,t) + E I 
a w(y,t) 
at 2 at p ay4 
au (y,t) 
CT 
g 
+ KTug(y,t) (4.40) at 
where: 
the damping and stiffness of the soil, respectively; and 
the modulus of elasticity and moment of inertia of the pipe, 
respectively. 
Again, internal damping of the pipe is neglected (Hindy and Novak, 1980). 
The equation for the free, undamped vibration follows from Eq. 4.40 
with CT = ug = ug = 0, namely; 
° 
Taking the boundary conditions 
w'(O,t) = w'''(O,t) = w'(£,t) = w'''(£,t) = ° 
into account, and describing the free vibration by 
w(y,t) u(y) exp(iwt) 
in which, 
u(y) = C1 cosh (~y) + C2 sinh (~y) + C3 cos (~y) + C4 sin (~) 
the natural frequencies and mode shapes of the structure become, 
w.=1i/1+ J m 
cos 
(j-1 )1TY 
£ 
(4.41 ) 
(4.42) 
(4.43) 
(4.44) 
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The absolute displacement may then be written as, 
N 
w(y,t) I 
i::::1 
¢.(y) q.(t) 
1 1 
and the uncoupled equations of motion become, 
o 
where: 
m. mL. 
J J 
and, 
L. 
J 
Letting 
c. 
--I 
m. 
J 
and recalling that 
k j 
m. 
J 
c. 
J 
if j:;t:1 
if j::::1 
2 
w. 
J 
o 
k. 
J 
the equations of motion for the generalized coordinates become, 
q.(t) + 21;: .w. q.(t) + w~ q.(t) 
J J J J J J 
B . (t) 
J 
(4.45) 
(4.46) 
(4.47) 
(4.48) 
(4.49) 
in which, 
B . (t) 
J 
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CT £ KT £ J ~ (y) ~ (y,t) dy + J ~ .(y) u (y,t) dy . mL. j g mL. J g 
J 0 J 0 
q. (t) may then be evaluated by means of the Duhamel's integral, and the 
J 
total response is given by Eq. 4.45. 
The cross spectral density of the transverse response at points y and 
a. 
y S may be ev al uated wi th a procedure similar to the one descr i bed in 
Appendix B and has the following form: 
2 
m 
N N 
I I 
i=1 j=1 
~i(Ya.) ~j(Ys) 
L.L. 
1 J 
(4.50) 
The power spectral density at point y can be obtained by substituting 
Ya. = yS = y. 
The power spectral dens i ty of the maximum bending stress, aT (y a) , in 
the pipeline is given by the following equation: 
K2 
T 
+ - 4 
w 
(4.51) 
in which R is the pipe radius. The corresponding cross spectral density of 
the maximum bending strains ~T(Y) is 
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(4.52) 
4.3.3 Numerical Results 
As indicated in Sect. 4.2, the spatial variation of ground motion has 
a significant effect on the joints of a pipeline. This section evaluates 
the displacements, stresses and strains induced in long, continuous 
pipelines subjected to earthquake ground motions. 
The following properties and dimensions are used in a specific 
numerical analysis to demonstrate the effects of spatial variation of 
ground motions on a continuous pipeline. 
Modulus of elasticity: 
Density of pipe: Pp 
Radius of pipe: R 
Thickness of pipe: t 
2.07 x 1010 N 
2 
m 
1 m 
0.15 R 
(3 x 106 ps i) 
(3.3 ft) 
(4.53) 
According to Novak and Hindy (1977) and Hindy and Novak (1980) the damping 
of the soil can be very high; accordingly, the damping coefficient for the 
first mode is assumed to be 
1';1 0.80 (4.54) 
The damping coefficients of the higher modes are given by Eq. 4.33, for 
either axial or transverse motion. 
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The stiffness of the soil is given by 
2.63 x 10 5 (4.55) 
The different pipeline configurations examined in the analysis are 
relatively long; they were considered, however, for determining the effect 
of loss of correlation as the length increases. 
The pipeline was examined for input motions along and normal to the 
axial direction. Two different cases of input motion were examined each 
time, namely perfectly and partially correlated motions. The pipeline axis 
is considered to coincide wi th the epicentral direction, namely the 
direction from Station 006 to Station 012 (Fig. 3.1). 
The integrals in Eqs. 4.37, 4.38, 4.50 and 4.51, require the 
continuous distribution of the cross spectral densi ties of the input 
motions; however, the results of the analysis in Chapter 3 provide 
information at discrete points only, namely the stations along the diameter 
from 006 to 012 (Fig. 3.1). Linear interpolation between stations is used 
to obtain the motions at intermediate stations. 
The number of modes required to evaluate the response of the pipelines 
i.e., beyond which an additional mode would not contribute significantly 
to the response -- depended highly on the slenderness of the pipe and the 
direction of the excitation. The dominant modes wer'e determined by 
increasing their number by one each time, until no further increase in the 
displacements or stresses was observed. The transverse direction required 
a higher number of modes, as was also indicated by Hindy and Novak (1980). 
The displacements in both direct ions were dominated by the corresponding 
first modes, whereas the evaluation of the stresses required a higher 
number of modes. 
For the double integrations of Eqs. 4.37, 4.38, 4.50 and 4.51, 
Gaussian integration was used. Since the number of modes used in the 
analysis varied with the slenderness of the pipe and the direction of the 
excitation, the number of integration points varied as well; their number 
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was such that at least two or three integration points lay between the 
zeros of the mode shapes. 
Effect of Differential Motion -- Tables 4.5 through 4.9 summarize the 
results of the pipeline examination; in particular, Tables 4.5 through 4.7 
show the maximum axial displacements, stresses and strains at various 
points along the pipeline axis for lengths of 200, 400, and 800 m, respec-
ti vely, whereas Tables 4.8 and 4.9 present the max imum di splacemen ts, 
bending stresses and strains in the transverse direction for lengths of 200 
and 400 m. 
Tables 4.5 through 4.9 indicate that the displacements obtained from 
the fully and partially correlated input motions are approximately the 
same. This is due to the fact that the dominant mode for either input is 
the first mode, which is a rigid body mode. This mode, however, is the 
only one exci ted when fully correlated support motion is examined, and 
yields zero stress and strain distribution along the pipeline. On the 
other hand, the response corresponding to the partially correlated motion 
consists of the first rigid body mode and higher modes, which may seem 
insignificant as far as displacements are concerned, but are very important 
in the stress and strain distributions. 
In the analysis of long lifelines, it is controversial whether the 
axial or the transverse response is dominant. For example, Hindy and Novak 
(1980) concluded that the axial response is more dominant; this, however, 
is based on the assumption tha t the i npu t mot ions in the ax i al and 
transverse directions are equal. Comparison of the results in Tables 4.5 
and 4.8, which correspond to a pipeline of length 200 m, indicates that the 
response in the transverse direction is more Significant. 
agrees with the conclusions of Sakuari and Takahashi (1969) 
This result 
that if the 
diameters of pipelines are large, the bending stresses become as important 
as the axial stresses. Compar ison of Tables 4.6 and 4.9 shows that the 
axial stresses at the midspan of the pipeline are higher than the 
corresponding bending stresses. Tables 4.8 and 4.9, indica te tha t the 
bending stresses do not vary with length, whereas from Tables 4.5 and 4.6 a 
significant 
pipelines. 
increase in the axial stress may be observed for longer 
A pipeline of t = 800 m was examined; although such a length is 
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not realisti c, the result is used to confirm a further increase in the 
axial stress (Table 4.7). At the two ends of the pipeline the bending 
stresses dominate and the axial stresses vanish, due to the boundary 
conditions assumed in the analysis. 
In the analYSiS, the radius of the pipeline was held constant, while 
its length was increased. The stresses in the pi pel ine depend on the 
slenderness of the pipe, namely the ratio of the length to the radius; as 
the slenderness of the pi pe increases, the dominance of the axial stress 
also increases. 
Loh, Ang, and Wen (1983) examined a continuous pipeline subjected to 
axial excitation. The axial strain in the pipe was assumed to be 
proportional to the ground strain (Shinozuka, Takada, and Kawakami, 1977), 
which was evaluated from the earthquake data recorded at the SMART-1 
array. They indicated that the order of magnitude of the axial strains is 
approximately 10-5 , which is in reasonable agreement wi th the results of 
the present analysiS (Tables 4.5 through 4.7). Furthermore, the deforma-
tion of the pipeline follows the ground deformation, as indicated also by 
Sakurai and Takahashi (1969). 
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Table 4.1 Differential Axial Motion Between Pipe Segments (~ 5%) 
By Stochastic Analysis By Interference Response Spectrum 
Frequency 2- [km] J.1 x [cm] a [cm] t:, [cm] [Hz] x max m IT! 
0.2 0.761 0.262 0.80 
0.8 1.852 0.559 2.50 
0.5 
1 .0 2.3TT 0.724 3.50 
1 .8 3.980 1 .207 3.50 
0.2 0.970 0.240 0.75 
0.8 2.896 0.667 2.50 
1 .0 
1 .0 3.545 0.820 3.50 
1 .8 5.086 1 • 181 2.60 
0.2 0.944 o. 193 0.50 
0.8 2.494 0.474 1. 00 
2.0 
1 .0 2.778 0.535 0.75 
1 .8 2.391 0.504 0.85 
0.2 0,,701 0.153 0 .. 30 
0.8 1 .342 0.259 0.45 
3.0 
1 .0 1 .575 0.317 0.60 
1 .8 1 .776 0.403 0.45 
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Table 4.2 Maximum Relative Displacements (in cm) Between Pipe 
Segments Under Axial Excitation 
Approximate 
Half-Space Model Differential Power 
Spectral Density 
Q, l.lx a l.lx a [m] x x m m m m 
20 0.106 0.019 0.109 0.028 
50 0.147 0.039 o. 172 0.045 
100 0.217 0.059 0.244 0.063 
200 0.329 0.092 0.412 o. 113 
400 0.424 O. 1 01 0.853 0.234 
Table 4.3 Maximum Relative Displacements (in cm) Between Pipe 
Segments Under Transverse Excitation 
Approximate 
Half-Space Model Differential Power 
Spectral Density 
Q, J.l x a l.lx a [m] x x m m m m 
20 0.102 0.024 0.148 0.036 
50 O. 1 61 0.038 0.234 0.057 
100 0.229 0.054 0.331 0.081 
200 0.325 0.077 0.450 O. 111 
400 0.613 0.147 0.772 0.189 
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Table 4.4 Maximum Relative Displacements (in cm) Between Pipe 
Segments Under Vertical Excitation 
Approximate 
Half-Space Model Differential Power 
Spectral Density 
Q, J.l x a J.l x a [m] x x m m m m 
20 0.043 0.009 0.062 0.014 
50 0.067 0.014 0.099 0.022 
1(\(\ (\ (\oc;. (\ (\ '") (\ (\ 1 II (\ f"I f"I'"l~ 
I VV V.V7U v.vc:..v v. I ""tV V'V:)' 
200 o. 135 0.028 0.201 0.044 
400 0.248 0.051 0.289 0.064 
Table 4.5 Axial Displacement, Stress and Strain for a Continuous Pipeline (Length i 200 m) 
Fully 
Partially Correlated Motion Correlated 
Motion 
0 i/4 JL/2 3i/4 i o ~ y ~ i 
~u (em) 1 .401 1 .401 1 .401 1 .401 1 0401 '.409 
max 
a (cm) 0.395 0.395 0.396 0.396 0.396 0.397 u max_ 
') 
l-lo (N/mL.) 4 4 1.354xl0 4 0.0 1 '. 352xl 0 1 .81 Oxl 0 0.0 0.0 max 
a (N/m 2 ) 0.0 2,. 522x1 03 3.368xl0 3 2.528xl0 3 0.0 0.0 a 
max 
l-lE: 0.0 6,. 529xl 0-7 8.745xl0-7 6.539xl0-7 0.0 0.0 
max 
a 0.0 -7 -7 -7 0.0 0.0 E: 1 ,,21 8xl 0 1.627xl0 1.221xl0 
max 
I 
co 
w 
Table 4.6 Axial Displacement, Stress and Strain for a Continuous Pipeline (Length i = 400 m) 
Fully 
Partially Correlated Motion Correlated 
Motion 
0 i/4 R./2 3i/4 i o ;;;; y ;;;; i 
llu (em) 1 .. 377 1 0382 
max 
1 .381 1 .. 381 1 .381 1 .369 
a (em) 0.388 u 
max 
0.390 0.390 0.390 0.389 0.380 
lla (N/m
2 ) 0.0 4.689xl0 4 6.174x10 4 ,4. 808xl 0 4 0.0 0.0 
max 
a (N/m 2 ) 8.629xl0 3 4 8.913xl0 3 a 0.0 1 • 1 40x 10 0.0 0.0 
max 
ll( 0.0 2.265xl0-6 2.983xl0-6 -6 0.0 0.0 
max 
2.323xl0 
a 0.0 -7 -7 )i. 306x1 0-7 0.0 0.0 ( 4.168xl0 5.509xl0 
max 
- --
OJ 
.s:= 
Table 4.7 Axial Displacement, Stress and Strain for a Continuous Pipeline (Length ~ BOo m) 
Fully 
Partially Correlated Motion Correlated 
Motion 
0 1/4 ~/2 31/4 1 o ~ Y ~ 1 
~u (em) 1 .364 1 .343 1 .318 1 .330 1 .347 1 .360 
max 
a (em) 0.376 0.376 0.375 0.372 0.370 0.379 u 
max 
~a CN/m2) 5 5 5 0.0 0.0 0.0 1.463xl0 1 • 955x 10 1.446xl0 
max 
a CN/m2) 4 4 2.B08xl0 4 0 0 .. 0 2.B46xl0 3.B22xl0 0.0 0.0 
max 
lJ -6 9.443xl0-6 -6 0.0 E 0.0 7.067xl0 6.985xl0 0.0 
max 
a -6 -6 -6 0.0 E 0.0 1.375xl0 1.846xl0 1.357xl0 0.0 
max 
I 
OJ 
Vl 
Table 4.8 Transverse Displacement, Bending stress and Strain for a Continuous Pipeline 
(Length i = 200 m) 
Fully 
Partially Correlated Motion Correlated 
Motion 
0 l/4 i/2 .. 3i/4 i o ~ y ~ JI. 
l-Iu (em) 2.501 2.492 2.483 2.474 2.471 2.485 
max 
a (em) 1 .053 u 
max 
1 .049 1 .042 10035 1 .030 1.402 
l-Ia 
max 
(N/m2 ) 6.360xl0 4 4.389xl0 4 4.385xl0 4 4.383xl0 4 6.314xl0 4 0.0 
a CN/m2) 4 9.153xl03 9.166xl03 9.178xl03 4 a 1.305xl0 1.306xl0 0.0 
max 
llE 3.072Xl0-6 -6 -6 -6 -6 0.0 2.120xl0 2.118xl0 2.117x10 3.050xl0 
max 
a -7 4.421xl0-7 4.428xl0-7 4.434xl0-7 -7 E 6.306xl0 6.309x10 0.0 
max 
. 
co 
a, 
Table 4.9 Transverse Displacement, Bending Stc'ess and Strain for a Continuous Pipeline 
(Length i = 400 m) 
Fully 
Partially Correlated Motion Correlated 
Motion 
0 i/4 i/2 3i/4 i o ;£ Y ;£ i 
l-lu (em) 2 .. 499 2.483 2,,468 2.488 2.521 2.508 
max 
a (em) 1 .,054 1 .042 1 .030 1 .030 1 .038 1 .403 u 
max 
-
l-lo (N/m
2 ) 6.333xl0 4 4 4 4 4 0 .. 0 4.437xl0 4.614xl0 4.647xl0 6.769xl0 
max 
a CN/m2) 4 9.288xl03 9.364xl03 9.671Xl03 4 a 1.297x10 '.380xl0 0.0 max 
lJ
E 3.059xl0 
max 
-6 2.143xl0-6 2.229xl0 -6 2.245xl0 -6 3.270xl0 -6 0.0 
a -7 4.487xl0-7 E 6.265xl0 
max 
4.524xl0 -7 4.672xl0-7 6.666xl0 -7 0.0 
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Figure 4.5 Structural Model for Continuous Pipelines -- Axial Motion 
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Figure 4.6 Structural Model for Continuous Pipelines -- Transverse Motion 
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CHAPTER 5-
APPLICATIONS TO LONG BEAMS 
5.1 Introduction 
During many major earthquakes, bridges have been reported to be 
damaged excessi vely (Iwasaki, Penzien, and Clough, 1972). The effects of 
spatially varying ground excitations are of major importance to the seismic 
performance and safety of br idges (Hall and Ne\{mark, 1979). Bogdanoff, 
Goldberg, and Schiff (1965) indicated that the differential ground motion 
should not be ignored when cons ider ing the response and safety of long 
structures; Johnson and Galletly (1972) compared the response of a highway 
bridge to uniform and moving ground excitation by means of a three-
dimensional mathematical model and concluded that the moving ground 
excitation should be considered in the seismic design of bridges on 
multiple supports. Masri (1976) described the exact solution for the 
transient response of viscously damped Bernoulli-Euler beams with arbitrary 
boundary conditions subjected to propagating boundary excitations, and 
showed that for certain combinations of the system parameters and support 
motion the beam response to propagating support motions can be 
significantly higher than when subjected to uniform (non-propagating) 
support motions. 
Simple single-span, simply-supported beams are examined in this 
chapter. The structures are subjected to excitations in the axial, lateral 
and vertical directions. The lateral direction is examined using two 
models -- in one case the structure is considered to behave as a shear-beam 
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model; the other case considers a Bernoulli -Euler beam. In the vertical 
direction, the structure is modeled as a Bernoulli-Euler beam. 
A shear-beam model assumes that the shear force is proportional to the 
slope of the deformation at each point (Newmark and Rosenblueth, 1971), 
whereas the Bernoulli -Euler beam model includes the effect of moments in 
the'equation of motion. Since the vertical direction is the direction of 
gravity loads, the contribution of moments ought to be included in the 
analysis, whereas for the lateral direction the simplification associated 
wi th the shear-beam model may be appropr iate. The lateral direction was 
examined wi th the two different beam models, in order to evaluate a 
comparison of the responses of the two systems. 
Again, two different types of excitations are examined; in one case, 
the motion at the two supports is assumed to be perfectly correlated, and 
in the second case the motion is considered to be partially correlated 
using the results of Chapters 2 and 3. The effects of soil-structure , 
interaction are neglected; the supports are considered to follow the ground 
motion without affecting the seismic excitation. 
5.2 Axial Motion of Beams 
The model used to evaluate the axial response of a single-span beam is 
shown in Fig. 5.1. The input ground motions at the two supports are 
denoted by f 1(t) and f 2 (t). If u(y,t) denotes the total displacement along 
the axis of the beam, us(y,t) the quasi-static displacement, and uD(y,t) 
the dynamic displacement, and if strain veloci ty (internal) damping is 
assumed, the equation of motion becomes 
p 
(5. 1 ) 
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where: 
p the mass density; 
E the elastic modulus; 
C damping; and 
s 
y the coordinate along the beam axis. 
Letting C
s 
= f1 (t) = f 2 (t) = 0 and making use of the boundary 
conditions uo(O,t) = uo(~,t) = 0 the natural frequencies and mode shapes of 
the structure become, respectively, 
W. JlT ;r W. j w1 J ~ p J 
¢ j (y) sin j1TY £ 
The total response then becomes (Mindlin and Goodman, 1950), 
u(y,t) 
in which, 
u (y,t) 
s 
and, 
uD (y, t) 
where: 
qi(t) 
¢ i (y) 
N 
u (y,t) 
s 
+ uO(y,t) 
( 1 - L) f 1 (t) + f f 2 (t) £ 
N 
I ¢i (y) q. (t) 
i=1 1 
the generalized coordinate; 
the mode shape; and 
the number of modes used in the analysis. 
(5.2) 
(5.4) 
(5.5) 
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By substituting Eq. 5.5 into Eq. 5.1, multiplying both sides by ¢.(y) 
J 
and by uSing the orthogonality conditions, the equations of motion for the 
generalized coordinates become, 
C 2 2 -2 q . (t) s q. (t) q . (t) [f1 (t) COSj1T f 2(t)] + - Wj + w. -J E J J J j1T (5.6) 
With the assumption that 
C 2 s1 s 2sj wj E w. Sj - w. J w1 J 
(5.7) 
in which Sj is the damping coefficient, the equations of motion become 
q.(t) + 2s.w. q.(t) + w~ q.(t) 
J J J J J J 
-2 [f
1
(t) - COSj1T f2 (t)] j1T (5.8) 
The generalized coordinates q. (t) may then be evaluated by means of the 
J 
convolution integral; namely, 
q. (t) 
J 
where, 
h. (t) 
J 
t ;~ f hj(t-T) [f1 (T) - COSj1T f2 (T)] dT 
o 
(5.9) 
is the impulse response function. Equations 5.3, 5.4, 5.5 and 5.9 define 
the axial response of the beam. 
The cross spectral density functions of the quasi-static and dynamic 
displacements at pOints Ya and y S along the axis of the beam are as 
follows (Appendix C): 
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1 Y Ys s Us(ya),Us(YS)(W) "4 { ( 1 - ~) (1 -) s·· .. (w) £ £ f 1 f 1 W 
Y Ys Yo. YS + ( 1 - ~) - s·· .. (w) + ( 1 - ._.) s·· .. (w) £ £ f 1 f 2 £ £ f 2f 1 
(5.10) 
1 N 2 I 
w2 k=l k1T 
(5. 11 ) 
(5.12) 
and, 
where: 
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N N 
L L 
j=1 k=1 jk1T 2 
4 j1TY k1TY S sin a sin 
9. 9. 
* • H. (w) H (w) [S .... (w) - COSk1T S·· .. (w) 
J k f1f1 f1f2 
S·· .. (w) f f 
m n 
(5.13) 
the cross spectral density of accelerations at supports 
m and n (m, n = 1 or 2); and 
the frequency transfer functions for the j th and kth 
modes, respectively. 
The cross spectral densi ty of the axial displacements at two points 
along the axis of the beam becomes 
(5.14) 
where the four terms on the right-hand side are given by Eqs. 5.10 through 
5. 1 3. 
An important additional consideration in the evaluation of the 
response of beams is the axial force at the end supports. The axial force 
is proportional to the first derivative of the displacement time history; 
therefore, u'(y,t) -- the derivative of the displacement with respect 
to the axial coordinate -- is a measure of the axial force. The cross 
spectral densities of u'(y,t) are found to be, 
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2 N 
+ L 
w
2 j=1 
cos 
j1fY * 
n a. H. (w) (- S .... (w) + cosj1f S .... (w) 
N J f1f1 f2f1 
2 N k1fY B 
+ 2 L cos Q, Hk(w) (- s .... (w) + cosk1f S .... (w) 
w k= 1 f 1 f 1 f 1 f 2 
N N 
+ 4 L L cos 
j = 1 k= 1 
(5.15) 
5.3 Transverse Motion of Beams 
5.3.1 Shear-Beam Model 
The shear-beam model used to describe the transverse motion of a 
single-span beam is shown in Fig. 5.2, where w( y, t) denotes the total 
lateral displacement, w s (y, t) the quasi -stati c displacement, and wD (y, t) 
the dynamic displacement. In this case, f 1(t) and f 2 (t) denote the input 
ground displacements at the two supports in the transverse direction. The 
equation of motion of the shear-beam is, 
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p 
(5.16) 
where: 
k' a numerical factor depending on the shape of the cross section; 
G the shear modulus; 
and strain rate damping is assumed. 
A close examination of Eqs. 5.1 and 5.16 shows that the only 
difference between the equations for axial and transverse motions is the 
coefficient of the second derivative with respect to y. Therefore, the 
equations of Sect. 5.2 alsq hold for transverse motion with the modulus of 
elasticity E in Eqs. 5.2, 5.6 and 5.7 replaced by k'G. 
Therefore, the cross spectral densi ty function of the displacement 
in the transverse direction is given by, 
Y 
1 {(1 - ~)(1 4" .Q. 
w 
+ 
1 N 2 
+ 2 L j1f 
W j=1 
sin 
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If the damping, and the excitations f1 (t) and f 2 (t) at the two 
supports are equal to zero, the natural frequencies and mode shapes of the 
beam can be found to be, 
w. 
J 
sin j1TY 
~ 
ftl 
m 
.2 
w. 
J 
J w1 
The total response then becomes (Mindlin and Goodman, 1950), 
w(y,t) 
where: 
and, 
w (y,t) 
s 
N 
L 
i=l 
cpo (y) q. (t) 
1 1 
Under the assumption that: 
1;;, 
the equations of motion for the generalized coordinates become, 
q.(t) + 21;;.W. q.(t) + w~ q.(t) 
J J J J J J 
-2 [f, (t) - cosj 1T f2 (t) ] j1T 
(5.21 ) 
(5.22) 
(5.23) 
(5.24) 
(5.25) 
(5.26) 
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The generalized coordinates may then be evaluated by means of the 
convolution integral, namely; 
q. (t) 
J 
(5.27) 
The cross spectral density function of the total displacement in the 
transverse direction obtained with the Bernoulli-Euler beam model is, 
Y 
1 {(1 - ~)(1 ~ 9-
w 
Ya ( 1 - Y8, s·· .. Cw) 
ya, YB 
n ! \ 1 + 
---- ) + w·· .. \.W) f 9- ~ f 2f1 9- 9- f2f2 . 
N 2 k1fY B ya, 
+ I sin -9-- Hk(w) { ( 1 - -) [s·· .. (w) 2 k1f 9- f 1 f 1 w k=l 
+ 
+ 
N N 4 j 1f Y k1f Y B * I lsi n a, sin -0 - H
J
. ( w ) H ( w ) [ s .. .. ( w ) 
j = 1 k= 1 j k1f 2 9- N k f 1 f 1 
(5.28) 
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For a Bernoulli-Euler beam a measure of the shear force is the third 
derivative of the displacement with respect to the axial coordinate. The 
cross spectral density of WrY '(y,t) is, 
Sw' "Cy ) w" '(y )(w) 
a'S 
N N 
I I 
j = 1 k= 1 
j'rry 
a 
£ 
* • H. (w) H Cw) [S·· .. (w) - COSk1T S·· .. (w) 
J k f1f1 f1f2 
- COSj1T S·· .. (w) + COSj1T COSk1T S·· .. (w) ] 
f 2f 1 f 2f 2 
k1TY S 
cos £ 
(5.29) 
The corresponding moment is proportional to the curvature w" (y, t); the 
cross spectral density of w"(y,t) is, 
Sw"(Y ) W"(y )(w) 
a' S 
N N 4j k1T2 j1TY k1TY S I I -- sin a sin 
j = 1 k= 1 £ 4 Q, £ 
* • H. (w) H (w) [S.· .. (w) - COSk1T S·· .. (w) 
J k f1f1 f1f2 
(5.30) 
5.4 Effect of Differential Motion 
The spatial variation of ground motions plays a significant role in 
the seismic safety evaluation of long structures on multiple supports. 
This study compares the displacements and forces induced in long 
structures, idealized as Simply-supported beams, subjected to fully and 
partially correlated seismic motions applied at the supports. 
In particular, four different span lengths are examined, namely 20, 
50, 100, and 200 m. Although spans of 100 m and 200 m are not realistic 
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for simply-supported beams, they are considered in the analysis to evaluate 
the effect of further loss of correlat ion as the span length increases. 
The values of the input motions for beams of length ~ S 100 m are obtained 
through linear interpolation of the spectral densities between the stations 
of the array. The fundamental natural frequencies for the beams of 
9. S'50 mare 0.80, 0.48, and 0.24 Hz for axial, lateral and vertical 
mot ions, respecti vely, whereas the corresponding fundamental natural 
frequencies of the longer beams are 0.27, O. 16, and 0.08 Hz for axial, 
lateral and vertical motions. The damping coefficient of the first mode is 
10% of critical (Abdel-Ghaffar, 1977). The natural frequencies and damping 
coefficients of the higher modes can be obtained from Eqs. 5.2, 5.7, 5.21 
and 5.25. 
The number of modes required, i. e., beyond which additional modes 
would not contribute significantly to the response, is nine for the axial 
direction, nine for the lateral direction when the shear-beam model is 
used, and three for the Bernoulli-Euler beam in both the lateral and 
vertical directions. 
The response in the transverse direction, when examined by the two 
different beam models, namely the shear-beam and Bernoulli-Euler beam, is 
shown in Table 5.1. The results show a comparison of the root mean square 
(rms) absolute displacement, a , and rms veloci ty, a', in the transverse 
w w 
direction for partially correlated motion obtained with the two models; the 
two models appear to give approximately the same response. 
Tables 5.2 through 5.4 show the mean maximum dynamic displacements at 
9./4,9.12 and 39./4 of the beam (Longuet-Higgins, 1952; Davenport, 1964). 
The results at the midspan of the beam indicate that the response 
corresponding to the fully correlated support motion is slightly higher 
than that of the partially correlated support motion. At the midspan of 
the beam, the total response consists of symmetric modes only, see e.g., 
Eq. 5.13. However, as can be seen from the same equation, the contribution 
of the input spectra for every mode is higher for the fully correlated 
motion than for the partially correlated motion. The response at 39./4 is 
in general slightly hIgher for the partially correlated motion than for the 
fully correlated motion. This may be attributed to the fact, that for the 
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fully correlated motion, only the symmetric modes are excited, whereas the 
partially correlated motion excites all modes. 
Table 5.5 shows the effect of correlation C bet ween par t i al and full 
correlation) for axial forces CEq. 5.15) and Table 5.6 for the shear forces 
CEq. 5.18) obtained with the shear-beam model. Tables 5. 7 and 5.9 show 
similar results for the mean maximum moments CEq. 5.30), and Tables 5.8 and 
5.10 for the mean maximum shear forces CEq. 5.29) at the two supports for 
the transverse and vertical directions obtained wi th the Bernoulli -Euler 
beam. Since the fully correlated motion excites the symmetric modes only, 
the forces and moments are symmetr ic wi th respect to the midspan of the 
beam. The val ues of the mean maximum axial and shear forces at the 
supports associated with the fully correlated input motions lie between the 
corresponding values of the forces associated with the partially correlated 
input motions (Tables 5.5, 5.6, 5.8, and 5.10). This may also be 
attributed to the effect of the antisymmetric modes, which are excited only 
when partially correlated motion is applied. As far as moments are 
concerned (Tables 5. 7 and 5.9), the curvature at .9,../ 4 or 3£14 is higher for 
partially correlated motions than for fully correlated mot ions. The 
curvature at the midspan, however, is always higher for the fully 
correlated input motion. 
The responses associated wi th fully and partially correlated input 
motions indicate only slight differences. This agrees with the results of 
Masri (1976), who evaluated the curvature response spectrum for a slmply-
supported beam for uniform and propagating boundary conditions (Fig. 5.3). 
In Fig. 5.3, T indicates the delay in the arrival time of the wave train 
a 
from one support to the other, T1 is the fundamental period of the beam, 
and S is the maximum amplitude of the wave train. In this analysis, the 
o 
fundamental period of the beams ranges between 2 sec to 12.5 sec for 
transverse or vertical motions, whereas the ground may allow small delay 
times for the arrival of the wave train at the other support. Masri (1976) 
indicated that for T alT 1 > 0.125, all locations along the length of the 
beam have reduced curvatures, whereas for Ta/T, < 0.125 (Fig. 5.3) the 
curvature at £14 and 3£14 is slightly higher for the propagating support 
motion (equivalent to partially correlated motion). This agrees with the 
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results presented in Tables 5.7 and 5.9, since the values of Ta/T1 in this 
analysis fall in the range Ta/T1 < 0.125. Furthermore, as can be seen from 
Fig. 5.3, the curvature at the midspan of the beam is always higher for the 
equal support motion; this is also observed in the results of Tables 5.7 
and 5.9. 
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Table 5.1 Transverse RMS Displacement and Velocity at Midspan of 
Beam (in cm) -- Partially Corre1ated f'-'jotion 
Shear Beam Model Bernoulli-Euler Beam Model 
Length [m] a 0" a o· 
w w w w 
20 2.690 :).188 2.691 5.14G 
50 2.682 5.1 b? 2.683 5. 11 9 
100 3.821 3.368 3.821 3.376 
200 3.801 3.349 3.b02 3.356 
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Table 5.2 Axial Dynamic Displacements (in cm) 
Length [m] Correlation Point llu a u 
m m 
JI./4 1 .861 0.449 
Partial JI./2 2.675 0.641 
3J1./4 1 .883 0.453 
20 
~/4 1 .873 0.451 
Full ~/2 2.678 0.641 
3J1./4 1 .873 0.451 
JI./4 1 .852 0.448 
Partial JI./2 2.670 0.640 
3~/4 1 .886 0.453 
50 
Jl./4 1 .872 0.451 
Full Jl./2 2.677 0.641 
3J1./4 1 .872 0.451 
JI./4 2.314 0.739 
Partial JI./2 3.149 1 • 106 
3J1./4 2.338 0.748 
100 
JI./4 2.329 0.743 
Full JI./2 3.155 1 .107 
3J1./4 2.329 0.743 
JI./4 2.332 0.749 
Partial JI./2 3.181 1 • 124 
3J1./4 2.366 0.762 
200 
JI./4 2.355 0.755 
Full JI./2 3.190 1 .124 
3J1./4 2.355 0.755 
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Table 5.3 Transverse Dynamic Displacements (in em) 
Length [m] Correlation Point llw 0 w 
m m 
R./4 2.549 0.797 
Partial £/2 3.671 1 . 147 
3lL/4 2.585 0.804 
20 
£/4 2.570 0.801 
Full R./2 3.676 1 • 148 
3R./4 2.570 0.801 
£/4 2.525 0.791 
Partial £/2 3.652 1 . 1 41 
3R./4 2.582 0.802 
50 
£/4 2.560 0.798 
Full R./2 3.663 1 • 1 44 
3R./4 2.560 0.798 
£/4 4. 153 2.186 
Partial £/2 5.583 3.410 
3R./4 4 .. 184 2.209 
100 
£/4 4.181 2.190 
Full £/2 5.599 3.396 
3 R./~4 4. 181 2.190 
£/4 4. 118 2.1 TT 
Partial £/2 5.541 3.406 
3.2./4 4.161 2.208 
200 
.2./4 4.163 2.178 
Full £/2 5.573 3.380 
3R./4 4.163 2.178 
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Table 5.4 Vertical Dynamic Displacements (in cm) 
Length [m] Correlation 
Partial 
20 
Full 
Partial 
50 
Full 
Partial 
100 
Full 
Partial 
200 
Full 
Point 
.\L/4 
JL/2 
32,/4 
.\L/4 
.\L/2 
3.\L/4 
.\L/4 
.\L/2 
3t/4 
2,/4 
t/2 
3.\L/4 
2./4 
i/2 
3i/4 
R.! 4 
.\L/2 
32./4 
2./4 
2./2 
3£/4 
2,/4 
t/2 
32,/4 
}.lw 
m 
1 .61 4 
2.318 
1 .628 
1 .621 
2.319 
1.621 
1.608 
2.316 
1 .631 
1 .620 
2.318 
1 .620 
2.833 
3.875 
2.846 
2.843 
3.881 
2.843 
2.814 
3.852 
2.831 
3.863 
2.831 
a 
w 
m 
0,,536 
0.756 
0.534 
0.535 
0.756 
0.535 
0.536 
0.756 
0.533 
0.534 
0.756 
0.534 
1.632 
2.505 
1 .628 
1 .626 
2.497 
1 .626 
1 .628 
2.500 
1 .622 
1 .618 
2.485 
1 .618 
Table 5.5 Axial Force Parameters (in cm) 
Length [m] Correlation Support I-lx 0 x 
m m 
Partial 1 8.261 1.992 2 8.293 1 .999 
20 
Full 1 8.279 1.997 2 
Partial 1 8.245 1 .989 2 8.298 1 .998 
50 
Full 1 8.277 1 .996 2 
Partial 1 12.472 3.201 2 12.419 3.192 
100 
Full 1 12.444 3.197 2 
Partial 1 12.605 3.246 2 12.539 3.232 
200 
Full 1 12.556 3.237 2 
NOTE: Mean Maximum Axial Force AE t i-lx 
m 
where, 
A area of beam; 
E elastic modulus; and 
j(, span length. 
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Table 5.6 Shear Force Parameters (in em) -- Shear-Beam Model 
Length [m] Correlation Support ~x 
m 
-
Partial 1 11 .539 2 11 .600 
20 
Full 1 11.574 2 
Partial 1 11.469 2 11 .566 
50 
Full 1 11 .529 2 
Partial 1 22.88'7 2 22.798 
100 
Full I 22.862 2 
Partial 1 22.790 2 22.684 
200 
Full 1 220770 2 
NOTE: Mean Maximum Shear Force k'G ~ ~x 
m 
where, 
k' numerical factor depending on shape of cross 
section; 
G shear modulus; and 
~ span length. 
a 
x 
m 
3.404 
3.425 
3.417 
3.380 
3.415 
3 .. 403 
8.176 
8.217 
8. 189 
8.138 
8. 187 
8.154 
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Table 5.7 Moment Parameters (in em) -- Transverse Direction 
(Bernoulli-Euler Model) 
Length [mj Correlation Point iJ x a x 
NOTE: 
Partial 
20 
Full 
Partial 
~O 
Full 
Partial 
100 
Full 
Partial 
200 
Full 
Mean Maximum Moment iJ x 
m 
where, 
E e13stic modulus; 
I moment of inertia; and 
£ span length. 
£/4 
£ I ~j 
3£I L4 
£/4 
'lIe. 
3Q,/4 
£/4 
£ I ~~ 
3£/4 
£/4 
£ I:~ 
]9.14 
£/4 
£12 
3£/4 
£/4 
£/2 
3Q.14 
£/4 
£12 
3£/4 
x,/4 
£12 
3£/4 
m m 
2.549 0.79b 
3. '(Ol~ 1 .138 
2.5'(4 O.dO? 
2.5 S~; O.t:J03 
3.710 I .138 
2.5Sd 0.003 
2.539 o. '{90 
3.6LL: 1 .133 
~~. 578 0.796 
(~. 548 0.(1)9 
3.097 1.134 
2.54b 0.'/99 
4.316 1 .968 
6. 150 2.990 
4.219 2.112 
4.250 ~~.40.:! 
6.198 2.960 
4.25U 2.402 
4.314 1 .941 
0.079 ') r'n II .Jo Uv -, 
4.224 2.106 
4.223 2.037 
6. 171 2.945 
4.223 2 .. 037 
, 
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Table 5.8 Shear Force Parameters (in em) -- Transverse Direction 
(Bernoulli-Euler Model) 
Length [m] Correlation Support J.l x a x 
m m 
Partial 1 3.682 1 .080 2 3.651 1 .108 
20 
Full 1 3.660 1 .096 2 
Partial 1 3.683 1.066 2 3.642 1 • 106 
50 
Full 1 3.645 1 .092 2 
Partial 1 '(.403 2.333 2 6.826 2. W17 
100 
Full 1 7.226 2.341 2 
Partial 1 7.380 2.351 2 6.552 2.594 
200 
Full 1 7.182 2.338 2 
NOTE: Mean Maximum Shear Force J.l x 
m 
where, 
E elastic modulus; 
I moment of inertia; and 
2, span lengtl1. 
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Table 5.9 Moment Parameters (in cm) -- Vertical Direction 
(Bernoulli-Euler Model) 
Length [m] Correlation Point ).Ix a x 
NOTE: 
Partial 
20 
Full 
Partial 
50 
Full 
Partial 
100 
Full 
Partial 
200 
Full 
Mean Maximum Moment ).Ix 
m 
E elastic modulus; 
I moment of inertia; and 
£. span length. 
.Q./4 
.Q./2 
3.Q./4 
.Q./4 
£/2 
3£/4 
£/4 
£/2 
3£/4 
.Q./4 
.Q./2 
3£/4 
£/4 
£/ (~ 
3£/4 
£/ 1~ 
£/2 
3£/4 
£/ LI 
9v / ~~ 
3£/4 
£/4 
£/2 
3£/4 
m m 
1 .625 0.510 
2.500 0.743 
1 .62b 0.518 
1 . 6c~3 0.515 
2.502 0.743 
1.623 0.515 
1 .628 0.50'( 
2.497 0.743 
1 .632 0.519 
': .622 0.514 
2.500 O. '742 
1.622 0.514 
3.548 1 .205 
4.643 1.953 
3.446 1 .241 
3.500 1.220 
4.654 1 .947 
3.500 1.220 
3.554 1 • 194 
4.61~~ 1 .948 
3.410 1 .244 
3.486 1 . 21 4 
4.634 1 .937 
3.486 1. (~1 4 
, 
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Table 5.10 Shear Force Parameters (in cm) -- Vertical Direction 
(Bernoulli-Euler Model) 
Length [m] Cor'relation Support f.l x a x 
ill m 
Partial 1 2.681 0.6S6 2 2.58'( 0.660 
20 
Full 1 2.633 0.657 
") 
<-
Partial 1 2.709 0.655 2 2.562 0.663 
50 
Full 1 2.632 0.65'( 2. 
Partial 1 6.954 1 . r(27 2 6.636 1 .684 
100 
Full 1 6.816 1 .705 2 
Pdrtial 1 6.9T( 1 . rr 30 2 6.527 1.668 
200 
Full 1 6.793 1 .698 
c.:. 
NOTE: Mean Maximum Shear Force 
where, 
E elastic modulus; 
I moment of inertia; and 
Q, span length. 
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CHAPTER 6 
SUMMARY AND CONCLUSIONS 
6.1 Seismic Ground Motion Model 
6.1.1 Summary 
A model is presented for determining the stochastic characteristics of 
earthquake ground motions. The model is based on the assumption that the 
excitation at the earthquake source (fault rupture) may be represented by a 
stochastic random process for which a power spectral density is assigned; 
this power spectral density is a function of the earthquake magnitude and 
the characteristics of the surrounding medium. The exci tat ion at the 
source is transmi t ted to the gr'ound surface by means of a frequency 
transfer function, which is obtained from an analytical wave propagation 
solution and a system identification technique. The model allows the 
evaluation of the power spectral density functions of ground motions at 
various pOints on the surface, the cross spectral density functions between 
two different points or two different directions, and the evaluation of the 
spatial variation of ground motions. 
The model does not rely directly on previous earthquake data; instead, 
the input to the model is the earthquake magnitude, the orientation 
of existing faults, the distance of the site from the fault, and the 
characteristics of the ground. 
The results of the model have been compared with data from an actual 
earthquake, the earthquake of January 29, 1981 recorded at the SMART-1 
1 21 
array, located in Lotung, Taiwan. These results include power spectral 
densi ties for acceleration at the stations of the array lying along the 
epicentral direction, cross-correlation coefficients between the motions in 
the directions along and normal to the epicentral direction, the spatial 
correlation coefficients, as well as the power spectral densities of 
different ial accelerat ion. The results are in reasonable agreement wi th 
the empirical data of the single earthquake. 
6.1.2 Conclusions 
On the basis of this study, the following conclusions concerning the 
seismic ground model may be drawn: 
1. The model may be used to predict the power spectral density of the 
acceleration at the ground surface. Any difference between the results of 
the model and the empirical data from a single earthquake can be attributed 
to the assumptions made in the analysis, namely the assumption of an 
elastic, homogeneous and isotropic half-space and the idealization of the 
three-dimensional problem with a two-dimensional wave propagation model. 
2. The cross-correlation coefficients in two different directions are 
in reasonable agreement with the results from the earthquake data. 
3. Where comparison is possible, the spatial variations of the ground 
motions are in reasonable agreement wi th the empirical resul ts of one 
earthquake. 
4. The power spectral densi ties for differential motions obtained 
with the model have the same trend as those of the empirical data. 
The model may also be extended to layered media. 
6.2 Effect of Differential Motion on Lifelines 
6.2.1 Summary 
Several lifeline problems were examined in this study. These include 
differential motions between pipe segments, the displacements, stresses 
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and strains of continuous pipelines, and displacements and forces in 
single-span simply-supported long structures (idealized as beams). 
In each case the effects of correlated motions were examined; the 
motion at the various supports was considered to be either fully correlated 
or partially correlated, the latter representing the seismic ground motions 
obtained by the wave propagation analysis. Various lengths of the 
lifelines were used to examine the effect of differential motion. In all 
cases the excitations in three different directions were considered, namely 
the axial, transverse, and vertical motions. The axial motion is assumed 
to coincide with the epicentral direction. 
6.2.2 Conclusions 
On the basis of the results obtained, the following conclusions may be 
observed: 
J 0 i n t s 0 f Pip eli n e s - - As far as the j 0 i n t s 0 f a pip eli near e 
concerned, the differ~ntial ground motion is of major importance. Whereas 
the fully correlated support motion will yield zero differential displace-
ments and forces between the pipe segments, the partially correlated 
support motion can give high differential displacements. This agrees with 
observations made from past earthquakes, where most of the damage to 
pipelines occurred at the joints, thus contradicting the assumption that 
fully correlated input motion is a safe approach in the seismic evaluation 
of pipelines. This would also imply that the evaluation of the 
differential motion by means of the interference response spectra may be 
on the unsafe side. 
The examination of the transverse response indicated that it may be as 
important as the axial response. This is consistent with observed seismic 
damages of pipelines, in which damages at the joints were equally 
attributed to compression-tension forces and shear forces. As expected, 
the motion in the vertical direction is smaller than in the other two. 
The proposed Differential Response Spectrum predicts the maximum 
differential motion between the pipe segments as a function of the system 
frequency. 
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Continuous Pipelines -- For a continuous pipeline, the differential 
seismic motion is of major importance. The fully correlated motion at the 
supports excites the first mode only, which is a rigid body mode, and thus 
yields zero stresses and strains, which contradicts observed damage in 
pipelines. On the other hand, the partially correlated input motion 
excites all modes, and results in relati vely high stresses and strains. 
The displacements resulting from the two different input motions are 
approximately the same, as the major contribution to the displacements 
comes from the first (rigid body) mode. 
For continuous pipelines, it is debatable as to which direction is 
the more important -- the axial or transverse direction. The resul ts of 
this study show that for relatively stiff pipelines the transverse direc-
tion is dominant. As the length increases, the response in the transverse 
direction tends to remain constant, whereas the response in the axial 
direction increases. Therefore, in the analysis of stiff pipelines (e.g., 
large diameter pipes) the transverse direction should not be neglected. 
Long Beams -_. The effect of differential ground motions is not as 
significant for single-span, simply-supported beams as it is for 
pipelines. The axial and shear forces at one support of the beam, as well 
as the bending moments at its quarter points along the span become slightly 
higher when subjected to partially correlated input motions. 
Although not examined here, it is generally believed that the 
different ial ground mot ions are important in the cons iderat ion of mul ti-
span beam structures. This analysis shows that the partially correlated 
ground motions yield slightly higher forces and moments than those of 
fully correlated input motions even for simply-supported beams. 
The general conclusion, based on the three different lifeline struc-
tural systems examined herein, is that the spatial variation of ground 
motions plays an important role in the seismic safety evaluation of long 
horizontal structures. 
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6.3 Suggestions for Further Study 
On the basis of this work, the following suggestions for further study 
can be made. 
1. The analytical model presented herein has been validated for a 
single earthquake; consequently, the approximate power spectral density of 
differential accelerations is valid for site cobditions similar to those of 
the SMART-l array and earthquakes of magnitude approximately 6.3. Valida-
tion of the model wi th data from other earthquakes is necessary, before 
more general power spectral densities can be suggested. For example, the 
approximate power spectral densities in this study depend only on separa-
tion distances. Other factors such as soil conditions and earthquake 
magnitude may be included as well and may be of major importance to the 
seismic safety evaluation of long lifelines. 
2. The model presented herein assumes that the three-dimensional wave 
propagat ion problem dur ing an earthquake may be decomposed into a plane 
strain and an antiplahe problem, in which the medium is considered to be 
elastic, homogeneous and isotropic. A three-dimensional model, which will 
take into account the inelastic parameters and the anisotropy of the ground 
should provide better results for predicting the spatial ground motions 
from earthquakes. 
125 
APPENDIX A 
POWER SPECTRAL DENSITY OF DIFFERENTIAL MOTION BETWEEN THE PIPE 
SEGMENTS FOR EXCITATION NORMAL TO THE PIPELINE AXIS 
The autocorrelation function of the different ial motion between the 
pipe segments is defined as, 
E[llx(t) llx(t+-r)] 
where CII and CIV are defined in Eq. 4.25, and Y2(t) and y4(t) denote 
the responses of the generalized coordinates due to the excitations xG (t) 
1 
and XG (t) at the supports. 
2 
The generalized response y. (t) is 
1 
gi ven by Eq. 4.23; for the two 
modes of interest, namely the second and the fourth, the exciting forces 
are given by (Eq. 4.22), 
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c (~G (t) - ~G (t)) + k (xG (t) - xG (t)) g 1 2 g 1 2 (A.2) 
where xG (t), xG (t) and their derivatives are random processes. 
1 2 
The cross-correlation function Rf f (1), where j and 9., are equal to j 9., 
either 2 or 4, is given by 
Rf f (1) j 9., 
wher e f j (t ) and f 9., (t+1) are gi ven by Eq. A. 2, and E denotes expected 
value. 
The cross-correlation function R (1) becomes then, 
Yj Y9., 
(A. 4) 
where mj and m9., are given by Eq. 4.22. 
The power spectral densi ty of the differential displacement between 
the pipe segments, when the earthquake excitation is normal to the pipeline 
axis, may, then, be evaluated by taking the Fourier transform of Eqs. A.1, 
A.3 and A.4. 
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APPENDIX B 
POWER SPECTRAL DENSITY OF DISPLACEMENTS 
(CONTINUOUS PIPELINES) 
The procedure for obtaining the power spectral density of 
displacements for continuous pipelines will be described for axial motion 
only. The corresponding power spectral density for transverse motion may 
be evaluated following a similar procedure. 
The cross-correlation function between the displacement at two 
different points along the axis of the pipeline is given by, 
where: 
N N 
E[ I ¢i(Ya) qi(t k) I ¢j(Ys) qj(t~)J i=1 j=1 
(B.1 ) 
the displacements evaluated at Y
a 
and Ys along the 
pipeline axis; 
the cross-correlation function between the generalized 
coordinates; 
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t k , t~ time instances; and 
L = t~ - tk ' is the time lag. 
in which the cross~correlation function RA.A.(Lk,L~) is given by 
1 J 
+ 
+ 
+ 
where: 
R . (L L) 
v (y ) v (y) k' ~ g 1 ' g 2 
R· (L L) 
v (y ) v (y) k' ~ g 1 ' g 2 
and R (L L) 
v (y ) v (y) k' ~ g 1 ' g 2 
(B.2) 
(B.3) 
are the cross-correlation functions of the ground veloci ties, between 
veloci ty and displacement, displacement and veloci ty, and displacements, 
respectively. 
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The cross spectral density function of the displacement in the axial 
direction along the axis of the pipeline is then simply the Fourier 
transform of Eq. B.1, namely 
where S (w) is the Fourier transform of Eq. B.2, 
qi qj 
where: 
and, 
H. (w) 
J 
finally, 
SA.A.(w) 
1 J 
the frequency transfer function, i.e., 
H. (w) 
J 
SA.A.(w) 
1 J 
2 
m L.L. 
1 J 
is given by 
C2 K2 
1 tIt A A ¢i(Y1) ¢j(Y2) - + 2 4 
w w o 0 
which was obtained by taking the Fourier transform of Eq. B.3. 
(B. 4) 
(B.5) 
(B.6) 
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APPENDIX C 
POWER SPECTRAL DENSITY OF AXIAL DISPLACEMENTS 
(BEAMS) 
The cross-correlation function of the total displacement in the 
axial direction between two points along the axis of the beam is gi ven 
by, 
where: 
U (y ,t1 ), s CI. 
uD (y CI.' t 1 ) , 
uS (Ys,t 2 ) 
uD(YS,t2 ) 
the total displacements at points y CI. and y S 
along the axis of the beam evaluated at time 
instance t1 and t 2 , respecti vely, as gi yen by 
Eq. 5.3; 
the quasi-static displacements as given by 
Eq. 5.4; 
the dynamic displacements as given by Eq. 5.5 ; 
and 
'( = t2 -t1 ' is the time lag. 
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The four terms on the right-hand side of Eq. C.1 are, 
N -2 0 krry B I - Sln 
k= 1 kTr £ 
y co 
- cosk1f Rr/2 (t1 ,t2-1 2 )] d12 + 9,,(). L h k (1 2 ) 
R (t t) 
u (y ) u (y) l' 2 D CI.' S S 
N -2 0 I -;- Sln 
JTr j =1 
jTrY 
CI. 
£ 
Ys co 
• f (1 - -1)f h ('1" ) [Roo (t -'1" t 1 
l\' £ I "j\L1 'f f \~1 L1'~21 
-co 1 1 
(C.2) 
(C.3) 
(C.4) 
and, 
where: 
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N N 4 L L sin 
j = 1 k= 1 j kIT 2 
j1TY 
ex sin 
9-
(C.5) 
th . 1 f t' for the J.th and kth e lmpu se response unc Ions 
mode, respectively, as defined in Eq. 5.9; 
the cross-corr~elation function of the input displace-
ments at supports m and n (m and n take values from 1 
to 2); 
and double dot denotes second derivative with respect to time. 
The cross spectral density functions of the quasi-static and dynamic 
displacements may be obtained by taking the Fourier transform of Eqs. C.2 
through c. 5, while the cross spectral densi ty of the total response is 
given by the Fourier transform of Eq. C.l. 
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